Name: College Number:

EEE311: Signals and Systems Friday, 15 March 2019

Second Midterm Exam

REMARKS: 1. Hand held non-communicating calculator is al-
lowed, #1

2. Closed book exam,

3. Formula sheets are attached, #2
4. Marks distribution:
Question #1: 2 points #3
Question #2: 1 points
Question #3: 1 points #4

Question #4: 3 points
Question #5: 3 points

5. Justify all your answers.

#5

1. A (non-periodic) energy signak(t) is sampled at the ratefs = 1 kHz. The samples
obtained are given by:

8
<1: 1 n 2

Xn = X(n=fg) =
0 ; elsewhere

n 2 Z, and are stored in the memory of a microcontroller.

(@) Under the assumption that Nyquist's criterion is satis ed it is then possible
to reconstruct exactly the signalx(t) from its samples, using the interpolation
formula: s

x(t) = xpsinc(fst  n)
n=1

where sinck) , {x)

. Calculate x(t) at time t = 3:5 ms.

(b) If the signal z(t) of gure 1 had been sampled to obtain the samples

8
<1: 1 n 2

Xn = z(n=fg) =
" 0 ; elsewhere

explain why the valuex(3:5 ms) obtained in (1a) does not equat(3:5 ms) = 0.
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Figure 1:

2. Show the location in the complex plane of the roots @s(s) (the Butterworth poly-
nomial of degree 5).

3. Calculate the transfer function of a third order Butterwath high-pass Iter having a
cut-o frequency of 2 rad/s. Present your answer in the form

N(s)
D(s)

in which N (s), D(s) are polynomials.
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4. The frequency response of a linear invariant system for igh both the input v(t) and

the output y(t) are voltages, is sketched in gure 2. The power spectral dgity of the

periodic power signal(t) at the input of the system is sketched in gure 3. Sketch on

a clearly labelled graph the power spectral density of thegsial y(t) at the output of
the Iter. For simplicity you may neglect any component of paver less than 1 m\2.
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Name: College Number:

5. Consider the discrete communication channel of gure 4 thi P(mg) = 0:5, P(my) =
0:25 andP(m,) = 0:25.

(a) Calculate P(rg), P(r1), P(r2).
(b) Calculate P(mgjrq), P(myjry), P(myjrq).

Mo 0:8 %:Q:
2

m, 0:8 (‘,1

0:2

I
M2 s k2

Figure 4:

END
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Formula Sheets

cos =sin( +90) 2cosucosv =cos(u V) +cos(u+ v)
2sinusinv=cos(u V) cos(u+ V) 2sinucosv =sin(u Vv) +sin(u+ v)
2sin cos =sin(2 ) 2co€ =1+cos(2)
2sit =1 cos(2) cos = %
sin = & P=Y¥=R|?2
Rt
EM= , P()d g(t) (t to)= g(to) (t to)
R+ R
w (U to)g(t)dt = g(to) ;8 > 0 ,  ()d = u(t)
R, .
f(t)y (t to)="Ff(t to) Es= 1 is(t)j“dt
. R =] . . R + . .
Po=lim £ 72, is(t)jdt Po= £ T js(t)jdt
_ Rl : sin( x )
footy= , f()ot )d sinc(x) , =
P _
a(t) = Gy 2K=T
k=1
P P .
= Ag+ Ay cos(2kt=T ) + By sin(2kt=T )
=1 k=1
= Cot Ckcos(2kt=T + )
k=1
R N R
Gy = & _g(t)e 12¥T dt Ao=Go= Co= + ;g(t)dt

R R
Ac= 2 _g(t)cos(2kt=T )dt; k =1;2;::: By= 2 _g(t)sin@kt=T )dt; k =1;2;:::

Ay = 2<(Gy) If g(t) is real Bk = 2=(Gy) if g(t) is real
8
0 3 arctan Aikk C ifA>0
Ck= Af+B{ k= 5 arctan o - ifA. <O

5 Signum( By) ; IFA=0



Formula Sheets (continued)

Ck = 2jGyj if g(t) is real k = \ G if g(t) is real
A = Cycos(k) Bk= Cksin( k)
Po= i+ 1" Ci= | jGP= A3+ (AZ+BD)
k=1 k=1 k=1
G(f) = Rj g(t)e i2ft dt g(t) = Ri G(f)e 2™ df
®! 1 11 (f)
P . P P
(t nT)! 1 (f n=T) X(f)= Xn (f n=T)
n=1 n=1 n=1
P
x(t) = gt KT) P
1y o ST (f n=T)
= %nzl G(n=T)& 2T n= 1
R () = X0
= 1 o) S(f) = Xn 2 (f n=T)
=g P
Pe= 1 S(f) S(f) = B Xn 2 (F fp)
R, R
Re( )= 7 x (Dx(t+ )dt Ro( )= 2 1 x (Ox(t+ )dt
_ Ry (f) = «x(®iHE)?
R()=lim ¢ fropx (Ox(t+ At Gy o )2
Ry( ) ! x() Re( ) ! S«(f)

Rl
Ry()= 1 x([Oy(t+ )dt



Formula Sheets (continued)

8
3 R()= R cos(at o )

y(t) = x(t) cos(2f ot) ) : N)=§XU f@+%XU+M)
7 S(0)= 380 T+ ST + o)

S is linear if
S axy(t) + bx(t) = aS xy(t) + bS x,(t)

8a; b2 R and for every signals<(t); x»(t).

S is invariant if:
Sx() =y()) Sx(t to) =y to)
8ty 2 R and for every signalx(t).

S is causal if:
S x(t) M S x(Hu(tg t) = to"

8ty 2 R and for every signalx(t) (u(0) = 1 in the above).

For a linear invariant system we have:

R
causal, h(t)=0;8t< 0 BIBO stable, . jh(t)jdt< 1

1

Bn(5)Ba( 5)=1+ >

iHa(j! )j? = ﬁ is a monotonically decreasing function of> 0.

! 1) 10log,jHn(! )j? 20nlog,o(! ) 6:0206n log,(! )

_ 1 10g(G3=G? 1) log(G3=G3 1) ! c= .Giz ! i=lor2
n=3 og(T 1) 10g(! 2) =
P(AB)= P(AjB)P(B) = P(BjA)P(A) k= kl(nn—'k)'
Ry dFy (x)
Fx(x)= P(fX xg) = | px()d Px (x) = =52

R
P(xy <X Xp) = XXlz px (X)dx px (X) = _plTe (x m)2=2 2



Formula Sheets (continued)

Q) = ok e g R
_ 1ﬁ1 ; ! erf( ) = ¥ epzd
_ i =1 20(2)
=1 QC )
P(X>x)=Q *= P(xi<X x)=Q ==+ Q ==
P(X x)= Q(™X) et = ple x?=2
Rl . Pxy (Xy)
Px(X) = 1 pxv (X y)dy Px (XY = y) = pxjv (XY) = =550
X;Y are independent, pxy (X;y) = px (X)py (¥)
— —_ 1 y b _ Rl - v
Y=aX+b) pr(y)= px () EXT= | xpx(x)dx= X
R, _ .
Var(X) = | (x X)Zpx(x)dx h I m .
-, E anX, = aE[X,]=X a''
= (X X)2 =X2 X n=1 n=1
h i
x =Cov X T X Var(X a')=a x a'r
h i
Cov(X;Y) = E (X X)Y YY)

X;Y are uncorrelated if CovK;Y ) =0

XY XY

X;Y are independen)) X;Y are uncorrelated, E[XY]= E[X]E[Y]

W(X):WGXP %(X X) x1 x X)T

Ry (t1;t) , E X (t))X(tp) autocorrelation

my (t), E(X(t)) mean function of X (t) function of X (t)

ergodic) stationary ) wide-sense stationary, E(X (tE);X(t(t;; f gx(t t)
1 2 - X \t2 1
Rx (0) ﬁ? + DC average power I'ilm Rx( )= m% DC average power (in course
= | Sx(f)df 311)
R
!IFQ .Sy (f)df  DC average power Rx()=Lx()+ m}

Sx(f)=F Rx() Sy (f) = Sx(f)iH(f)i?



Formula Sheets (continued)

my = mx H(0) ( _ 2
Z B Ry()=a"Rx()
—me hdt Y=2aXM®) 5 )= a2s.(f)
1
8
2Ry ()= X cosgar o )
Y (t) = X (t)cos(2f ot)) S 1

1
Sy(f)= st(f fo)+ st(f + fo)

For a Gaussian process:
ergodic) stationary , wide-sense stationary

8
_ No 8 No=2 : ifjfj B
2 S(f)= N? <S¢ (f)= o0 eljsejwhere
> . .
: Rx():70() Rx( )= BNgsinc(B )
X (t) = Ny(t)cos(2f ¢t) Ny(t)sin(2f ct)
Sy (f) = No=2 ; ifo<f,<ijfj f, wheref, = 132 and (i =1, 2):
VT 0 . elsewhere Sy (f) = No ; ifjfj (f, fy)=2
N; -

0 :  elsewhere



Formula Sheets (continued)

Table of some exponential Fourier series

1/

9(t)

ﬁ/l/lﬂ/,‘

2222

&

Gn

Gn

Gn

Gn

TWW AW O

A=2 n=0
A=2 sinc(n=2) néo

0 ; n=0

A( j)" sinc(n=2) néo

0 ; noddandn 6

A=4 n= 1

A((l 1);:)2 n even

0 n=0

A 5 neo



Formula Sheets (continued)

Fourier Transform Properties

Operation o(t) G(f)

Addition au(t) + g(t) Gy(f) + Ga(f)
Multiplication by a constant ag(t) aG(f)

Symmetry G(t) a( )

Scaling g(at) 265

Time shifting gt to) e 121t oG(f)
Frequency shifting g?2folg(t) G(f fo)

Modulation 29(t) cos(2f .t) G(f fo)+ G(f +f¢)
Time di erentiation d" 9(t) (i2f )*G(f)
Frequency di erentiation ( j2t)"g(t) dndf’sf)

Complex conjugate g (b G( f)

Time domain convolution oa(t) g(t) G1(f)Ga(f)

Time domain multiplication g (t)o(t) Gi(f) Ga(f)
Parseval Theorem Ri 0 (1) g, (H)dt Ri G1(f )G, (f )df
Time domain integration tl g(x)dx % + @ (f)
Generating functions P &: ;. 9t KkT) P ,11: 1 ﬂ (f n=T)

Table of some Butterworth polynomials

s+1

2 +1:414+1

s2+252+2s+1

st +2:61F%+3:41452 +2:61F+1

s° +3:2368%* +5:2365% + 5:23652 + 3:2365 + 1

S8 +3:8645° + 7:4645* + 9:1425% + 7:4645% + 3:864s + 1

s’ +4:4945% + 10:10s° + 14:595* + 14:509s% + 10:10s% + 4:494s + 1
s8+5:1265" +13:14s® +21:855° + 25:69s% +21:858% + 13:1452 +5:1265+ 1

5 53 53 3 5335 35 S5
O~NO O WN P




Formula Sheets (continued)

Table of lter spectral transformations

Frequency scaling

n
n

I R .

¢ cut-o freg. L ! L=t T
c ! C=l¢

Low-pass to high-pass R ! R lh=s

'y cut-o freq. L ! Ceq= g =
c ! Leq = g ch

Low-pass to band-pass R ! R SZQB’ 5

'o center freq. L ! Leqg= g in series with Ceq = 3¢

B  bandwidth ° | z|B! 2
C ! Ceq= 5 inparallel with Leqg = 3¢ '

Low-pass to band- R ! R ! zsf &

reject L ! Leq= 2% in parallel with Ceq = g

o center freq. ¢ B

B bandwidth C ! Leg= gg in series with Ceq = {8 .




Formula Sheets (continued)

Table of Q() and erf() functions

The approximation Q(x) #=(1 %f)e x*=2 may be used whenx > 2.

x erf(x) Q(x) | x erf(x) Qx) | x erf(x) Q(x)

0.00 0 0.5 | 1.70 0.9838 0.04457| 3.40 1 0.0003369

0.10 0.1125 0.4602 1.80 0.9891 0.03593 3.50 1 0.0002326
0.20 0.2227 0.4207 1.90 0.9928 0.02872 3.60 1 0.0001591
0.30 0.3286 0.3821 2.00 0.9953 0.02275 3.70 1 0.0001078
0.40 0.4284 0.3446 2.10 0.997 0.01786| 3.80 1 7235 10°
0.50 0.5205 0.3085 2.20 0.9981  0.0139| 3.90 1 4810 10°
0.60 0.6039 0.2743 2.30 0.9989 0.01072 4.00 1 3167 10°
0.70 0.6778 0.242| 2.40 0.9993 0.0081984.10 1 2066 10 °
0.80 0.7421 0.2119 2.50 0.9996 0.00621 4.20 1 1335 10°
0.90 0.7969 0.1841 2.60 0.9998 0.004661 4.30 1 8540 10 °©
1.00 0.8427 0.1587 2.70 0.9999 0.003467 4.40 1 5413 106
1.10 0.8802 0.1357 2.80 0.9999 0.002555% 4.50 1 3398 10°
1.20 0.9103 0.1151 2.90 1 0.001866 4.60 1 2112 10°
1.30 0.934 0.0968 3.00 1 0.00135| 4.70 1 1301 10 °©
1.40 0.9523 0.080763.10 1 0.0009676 4.80 1 7933 107
1.50 0.9661 0.066813.20 1 0.0006871 4.90 1 4792 10
1.60 0.9763 0.0548 3.30 1 0.0004834 5.00 1 2867 107



Formula Sheets (continued)

Table of some Fourier transform pairs

$

$

$
(t) $ 1
1 $ (f)

cos(2f ot) $ L(f+fo)+ L (f

fo)



Formula Sheets (continued)

sin(2 f ot) $ L(f+fo) L(f fo)
d2f ot $ (f fo)
(t KT) $ i + (f n=T)
k=1 n=1

See below for a graphical representation.

e du(t); a>0 $ ﬁ
e dli:a>0 $ T xaas
te ay(t); a> 0 $ AR
2(a? 4 %f2)

jtie &4, a>0 $ @z+d 272



