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Chapter 1

Introduction
In course this course we study the electrical characteristics of the following devices: junction diode, field effect transistor, bipolar junction transistor. For each
device we first present the static analysis and behaviour. We then present the
dynamic analysis which leads the main applications of the devices. The most
important application is the power amplification of an electrical signal. Amplifier performance will be studied in some details. This course is pre-requisite to
courses 403, in which the devices’ characteristics will be further detailed and
the applications will be more diverse. This course follows course 303 in which
the basic methods for the analysis of electrical network were presented. The following components have been detailed: resistor, capacitor, inductor (and maybe
the operational amplifier). We will not consider the operational amplifier in this
course since it is not an elementary electronic device (it consists of many tens
of transistors); the internal structure of operational amplifiers will be studied in
course 403.
The following notation will often be used. For any x, y ∈ C such that
x + y 6= 0 we have:
xy
x||y ,
x+y
Hence, two resistors R1 , R2 connected in parallel as in figure 1.1 have an equivalent resistance of R1 ||R2 . Similarly, two capacitors C1 , C2 connected in series

Figure 1.1:

1
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Figure 1.2:

Figure 1.3:

as in figure 1.2 have an equivalent capacitance of C1 ||C2 .
The following simple laws will often be used:
Ohm’s law: The relationship between voltage V and current I as shown in
figure 1.3 is given by V = Z I, where Z is the (equivalent) impedance of
the device (or component).
Voltage divider:

Voltage Vo across Z2 in the circuit of figure 1.4 is given by:
Vo = Vi

Current divider:
given by:

Z2
Z1 + Z2

Current Io into Z2 as shown in the circuit of figure 1.5 is
Io = Ii

Z1
Z1 + Z2

Definition 1.0.1. A device or component into which flows a DC current and/or
across which a DC voltage is applied is said to be DC biased (also polarized ).

Figure 1.4:

3

Figure 1.5:
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Chapter 2

Diodes
2.1

Generalities

Definition 2.1.1. An ideal diode is a 2-terminal device for which the (nonlinear) I − V characteristic is given by:
V =0 ;

∀I > 0

I=0 ;

∀V < 0

as shown on figure 2.1. The symbol for a diode is also shown in figure 2.2. In
concrete words, the current can flow with no resistance in one direction and
cannot flow in the opposite direction. The 2 terminals are called anode and
cathode; the current can flow from the anode to the cathode.
The behaviour of a diode in an electrical network is completely determined
by the I − V characteristic and it does not involves any derivatives of V nor I,
similarly to a resistor. When a diode is biased in a circuit, we say that:
• it is forward biased when I > 0 and V = 0,
• it is reverse biased when V < 0 and I = 0.
The type of biasing (forward or reverse) of a diode in a circuit is sometimes
referred to as its state. We may say that a diode behaves like a short-circuit

Figure 2.1:
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Figure 2.2:

Figure 2.3:

whenever it is forward biased and it behaves like an open-circuit whenever it is
reverse biased.
One of the problems frequently encountered is to determine the input-output
characteristic of an electrical network comprising sources (voltage or current),
resistors and diodes. These problems are easily solved following a procedure
that is illustrated in the few examples that follow. In the following we omit the
units in the equations; they are as follows:
Voltages ≡ [V]
Currents ≡ [mA]

Resistors ≡ [kΩ]

Example 2.1.1. Sketch the input-output characteristic Vo versus Vi for the
circuit of figure 2.3.

Solution: We first notice that the circuit contains n = 2 diodes, each of which
may be in any of 2 states. This would give us a maximum of 4 = 2n = 22 circuits
to analyze. Some states are often impossible and by being careful during the
analysis we may avoid them.
D1 ≡ on
D2 ≡ off

Step 1: First assume that Vi is arbitrarily large. We then intuitively see that
diode D1 should be forward biased and diode D2 should be reverse biased
(this assumption will have to be verified and if it is incorrect we will
notice later). Under this assumption, the equivalent circuit is redrawn as
in figure 2.4. Following the basic network circuit analysis we easily obtain

2.1. GENERALITIES
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Figure 2.4:

the n + 1 = 3 following equations:
Vo (Vi )

=

ID1 (Vi )

=

VD2 (Vi )

=

Vi − 10
× 20 + 10
30
Vi − 10
30
−20 − Vo = −30 +

10 − Vi
× 20
30

or after simplification:
3Vo

=

2Vi + 10

30ID1
3VD2

=
=

Vi − 10
−70 − 2Vi

The equivalent circuit of figure 2.4 (and the above equations) are however
only valid if ID1 > 0 and VD2 ≤ 0 (refer to our initial assumption),
i.e. if Vi ≥ 10 (and Vi ≥ −35). Therefore as long as Vi ≥ 10 we have
3Vo = 2Vi + 10 as shown in figure 2.5. Thus, when Vi is arbitrarily large
D1 is forward biased (ID1 > 0) and D2 is reverse biased (VD2 < 0) and
our initial assumption is correct. We next decrease Vi . When Vi reaches
the value 10 V, we have ID1 = 0 and VD2 < 0. As we further decrease Vi ,
ID1 will attempt to become negative and at this point D1 becomes reverse
biased. The next state of the diodes is then: D1 and D2 are both reverse
biased.
Step 2: D1 and D2 are both reverse biased (open-circuit). The equivalent D1 ≡ off
circuit is shown in figure 2.6 and the n + 1 = 3 equations are:
D2 ≡ off
Vo
V D1
V D2

=
=
=

Vi
Vo − 10 = Vi − 10
−20 − vo = −20 − Vi

8
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Figure 2.5:

Figure 2.6:

We then have:
V D1 ≤ 0 ⇔
V D2 ≤ 0 ⇔

Vi ≤ 10
Vi ≥ −20



− 20 ≤ Vi ≤ 10

This portion of the input-output characteristic is sketched in figure 2.7.
Thus, as long as −20 < Vi < 10 then D1 , D2 are reverse biased (VD1 < 0
and VD2 < 0). We then further decrease Vi up to -20 V. When Vi becomes
equal to -20 V then VD2 = 0 and VD1 < 0 and if Vi is further decreased
then VD2 attempts to become positive and it becomes forward biased.
D1 ≡ off
D2 ≡ on

Step 3: D1 is reverse biased and D2 is forward biased. The equivalent circuit
is shown in figure 2.8 and the n + 1 = 3 equations are:
2Vo
2VD1
20ID2

=
=
=

Vi − 20
Vi − 40
−Vi − 20

2.1. GENERALITIES
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Figure 2.7:

We then have:
V D1 ≤ 0 ⇔
I D2 ≥ 0 ⇔

Vi ≤ 40
Vi ≤ −20



Vi ≤ −20

This portion of the input-output characteristic is sketched in figure 2.9.
Thus, as long as Vi < −20 V then D1 is reversed biased and D2 is forward
biased (VD1 < 0 and ID2 > 0). When Vi is further decreased the state of
the diodes does not change.
The Vo versus Vi input-output characteristic of the circuit is shown in figure
2.10. A MAPLE session showing the simplification of the various equations

Figure 2.8:

10
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Figure 2.9:

Figure 2.10:

is presented at the end of the chapter in figures 2.70 and 2.71. It is shown
that one of the 2n = 4 states of the diodes (namely both D1 , D2 are forward
biased) is impossible. By following the procedure illustrated in this example,
such impossible states are most often avoided.

Remarks.
1. In the first step we have to make an assumption on the state of the diodes.
This assumption must be verified. If it is found to be false then either one
of the following situation occurs.
(a) We find an impossible state. In this case we have to start over with
another assumption.

2.1. GENERALITIES
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Figure 2.11:

(b) We find a possible state that corresponds to an interval of Vi that is
different than the one we expected. In this case we keep the result
and keep on extending values of Vi in the directions that will lead to
a complete solution of the input-output characteristic.
2. If the circuit does not contain dependent sources, then the input-output
characteristic consists in linear segments that meet at breakpoints, i.e.
there are no steps at the breakpoints and the input-output characteristic
is a monotonic function (increasing or decreasing).
3. It may happen, although rarely, that many inequalities (for the state of
the diodes) give the same breakpoint. In such cases, only some of the
corresponding diodes may change state at that breakpoint and we must
then try all the possibilities. Most often though, all corresponding diodes
change state.
Example 2.1.2. Sketch the input-output characteristic Vo versus Vi for the
circuit of figure 2.11.
Solution: There are n = 2 diodes in the circuit. At each step we have to write
n + 1 = 3 equations: one for each diode (ID or VD depending on the assumed
state) and one for the output Vo itself.
Step 1: First assume that Vi is arbitrarily large. We then intuitively see that D1 ≡ off
diode D1 should be reverse biased and diode D2 should be forward biased D2 ≡ on
(this assumption will have to be verified and if it is incorrect we will
notice). Under this assumption, the equivalent circuit is redrawn as in
figure 2.12. Following the basic network circuit analysis we easily obtain

12
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Figure 2.12:

Figure 2.13:

the following equations:
2Vo

=

I D2

=

V D1

=

Vi − 5
Vi − 5
2
Vo + 3 − Vi ⇒ 2VD1 = 1 − Vi

We then have:
I D2 ≥ 0 ⇔
V D1 ≤ 0 ⇔

Vi ≥ 5
Vi ≥ 1



Vi ≥ 5

This portion of the input-output characteristic is sketched in figure 2.13.
Thus, as long as Vi > 5 then D1 is reverse biased and D2 is forward biased
(VD1 < 0 and ID2 > 0). We then further decrease Vi up to 5 V. When
Vi becomes equal to 5 V then ID2 = 0 and VD1 < 0 and if Vi is further
decreased then ID2 attempts to become negative and D2 becomes reverse
biased.

2.1. GENERALITIES
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Figure 2.14:

Figure 2.15:

Step 2: D1 and D2 are both reverse biased (open-circuit). The equivalent D1 ≡ off
circuit is shown in figure 2.14 and the n + 1 = 3 equations are:
D2 ≡ off
Vo

=

0

V D1
V D2

=
=

3 − Vi
Vi − 5

We then have:
V D1 ≤ 0
V D2 ≤ 0

⇔
⇔

Vi ≥ 3
Vi ≤ 5



3 ≤ Vi ≤ 5

This portion of the input-output characteristic is sketched in figure 2.15.
Thus, as long as 3 < Vi < 5 then D1 , D2 are reverse biased (VD1 < 0 and
VD2 < 0). We then further decrease Vi up to 3 V. When Vi becomes equal
to 3 V then VD1 = 0 and VD2 < 0 and if Vi is further decreased then VD1
attempts to become positive and D1 becomes forward biased.

14
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Figure 2.16:

D1 ≡ on
D2 ≡ off

Step 3: D1 is forward biased and D2 is reverse biased. The equivalent circuit
is shown in figure 2.16 and the n + 1 = 3 equations are:

We then have:

2Vo

=

I D1

=

2VD2

=

I D1 ≥ 0 ⇔
V D2 ≤ 0 ⇔

Vi − 3
3 − Vi
2
Vi − 7

Vi ≤ 3
Vi ≤ 7



Vi ≤ 3

Thus, as long as Vi < 3 V then D1 is forward biased and D2 is reverse
biased (ID1 > 0 and VD2 < 0). When Vi is further decreased the state of
the diodes does not change.
The Vo versus Vi input-output characteristic of the circuit is shown in figure
2.17.

2.2

Fabrication of Junction Diodes

A device behaving similarly to a diode is obtained when two pieces of semiconductor pieces containing some specific impurities are in contact with each
other. To explain intuitively how it works, consider the sketch of figure 2.18
representing the molecular structure of a semiconductor, such as Si or Ge. At
room temperature there is sufficient energy for some of the electrons to break
free from the covalent bond. They are called free electrons and are available for
electrical conductivity. The holes created can also move when they are filled
by other covalent electrons, and as such are considered as free positive carriers
for electrical conductivity. Semiconductors are nonetheless bad conductors at
room temperature.

2.2. FABRICATION OF JUNCTION DIODES
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Figure 2.17:

By adding impurities (molecules of another material) any of the two molecular structures presented in figure 2.19 maybe obtained. This process is referred
to as doping. These doped semiconductors can now be good conductors at room
temperature and their conductivity can moreover be controlled by the concentration of impurities. A semiconductor having an excess of positive carriers
(holes) is said to be of type P and a semiconductor having an excess of negative
carriers (electrons) is said to be of type N.
Figure 2.20 illustrates a single piece of semiconductor, one side of which is
doped P and the other side of which is doped N. In an effort to fill the valence
shell in order to increase their stability, some of the negative impurities located
near the junction absorb the free electrons present in the type P semiconductor. An equilibrium is eventually established with the induced electrical field
that results. The resulting region near the junction contains very few carriers
(holes or free electrons); it is called depletion region and its conductivity is very
small. The concentration of electrical carriers in the bloc of semiconductor is
represented as in figure 2.21. The charge density, electrical field intensity and
electrostatic potential as a function of the position in the block of semiconductor
are sketched in figure 2.22. The operation of the semiconductor junction device
is briefly described below.
1. The bloc is biased as shown in figure 2.23(a). The voltage source attracts
the free carriers toward the extremities of the bloc and away from the
junction. As a result, the depletion region becomes wider. The larger the
source voltage is, the wider the depletion region is. It follows that a very
small current flows and this current is near constant, i.e. independent of
the applied source voltage.
2. The bloc is biased as shown in figure 2.23(b). The voltage source forces the
carriers away from the extremities and toward the junction. The depletion
region becomes narrower. When the voltage becomes equal to Vγ then the

16
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Figure 2.18:

depletion region completely disappears and the bloc suddenly becomes a
very good conductor.
Remarks.
1. The device’s behaviour resembles that of a diode, the anode being the side
doped with type P and the cathode being the side doped N. It is called a
junction diode.
2. The voltmeter reading by the voltmeter in figure 2.24(a) is 0 V, even
though the junction generates a voltage of Vγ ; this is because the contacts
of the semiconductor with the metallic terminals also generate a voltage
and it cancels the junction voltage.
3. For the same reason as in the previous remark, the ammeter reading is 0
A in figure 2.24(b).

2.2. FABRICATION OF JUNCTION DIODES

(a) Doped semiconductor type N

Figure 2.19:

Figure 2.20:

Figure 2.21:

(b) Doped semiconductor type P

17
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Figure 2.22:

(a) Reverse biased

(b) Forward biased

Figure 2.23:

(a)

(b)

Figure 2.24:

2.3. I − V CHARACTERISTIC OF A PN JUNCTION DIODE

2.3
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I − V Characteristic of a PN Junction Diode

From now on, by “diode” we mean a “PN junction diode” and the symbol of
figure 2.25(a) represent the device of figure 2.25(b) which has been described in
the previous section. Its I −V characteristic, which depends on the temperature,
is shown in figure 2.26. The temperature affects the parameters VZK , IS and
Vγ and the shape of the curve remains the same. In the interval V > −VZK the
curve is described by the expression:
I = IS (eV /(nVT ) − 1)
where VT =

kT
q

. In the above we have:

• IS ≡ reverse saturation current 10−15 A ≤ IS ≤ 10−6 A,
• n ≡ empirical constant that depends on the semiconductor used (Si or
Ge) and 1 ≤ n ≤ 2 with

1 ; Ge semiconductor
n≈
2 ; Si semiconductor
We usually have n = 2.
• VT ≡ thermal voltage and VT ≈ 25.2 mV at room temperature (20◦ C),
• k = 1.38 × 10−23 Joules/Kelvin, is the Boltzmann constant,
• T ≡temperature in Kelvin,
• q = 1.602 × 10−19 C is the charge of an electron in Coulombs,
• VZk ≡ is the breakdown voltage and ranges from thousands of volts to
just a few volts,
• Vγ ≡ turn-on voltage and Vγ ≈ 0.7 V for Si semiconductor and Vγ ≈ 0.2
V for Ge semiconductor.
The characteristic differs from the ideal characteristic of the ideal diode of
section 2.1. The following example illustrates the consequences of these differences.
Example 2.3.1. Express I, V as a function of the source voltage VS for the
circuit of figure 2.27. Notice that this circuit would be very easy to solve if the
diode were ideal as in section 2.1.

(a)

(b)

Figure 2.25:

20

CHAPTER 2. DIODES

Figure 2.26:

Figure 2.27:

Solution: The circuit is described by the equations:
VS

=

RI + V ⇔ I = −V /R + VS /R

(2.1)

I

=

IS (eV /(nVT ) − 1)

(2.2)

This is a system of two non-linear equations in two unknowns. The solution can
be found numerically or graphically, as in figure 2.28, by sketching equations
(2.1), (2.2) and finding the intersection. Indeed, if V = VD , I = ID , then both
equations are clearly satisfied simultaneously and the solution is unique.
Definition 2.3.1. The quiescent point or Q-point (also called operation point
or biasing point) of a device that is biased is the N -tuple of which the N components are the values of all voltages and currents in the device.
The diode in the circuit of example 2.3.1 is biased and its Q-point is (ID , VD ).
Definition 2.3.2. The dynamic resistance of a biased two-terminal device is
the multiplicative inverse of the slope of the tangent of the I − V characteristic
of the device at the Q-point.

2.4. PIECE-WISE LINEAR MODELS OF A JUNCTION DIODE
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Figure 2.28:

Example 2.3.2. For a resistor of value R, the I − V characteristic is a straight
line that goes through the origin and with a slope of 1/R. Hence for any Q-point,
the dynamic resistance is R.
Example 2.3.3. The diode in the circuit of example 2.3.1, is a two-terminal
device biased at the Q-point (V = VD , I = ID ). Its dynamic resistance is given
by
dV
=VD
dI VI=I
D
and is calculated as follows from the characteristic I = IS (eV /(nVT ) − 1):
dI
dV
dV
dI

=
=

V =VD
I=ID

IS V /(nVT )
e
nVT
nVT −VD /(nVT )
e
IS

(2.3)

But since the Q-point (V = VD , I = ID ) lies on the diode characteristic, ID
and VD must satisfy the expression
ID = IS (eVD /(nVT ) − 1)
It follows that
e−VD /(nVT ) =

1
=
eVD /(nVT )

ID
IS

1
+1

and substituting the latter in equation (2.3) gives
dV
dI

2.4

V =VD
I=ID

=

nVT
n VT
≈
ID + IS
ID

Piece-wise linear models of a junction diode

Example 2.3.1 illustrates that the analysis of a circuit containing many PN
junction diodes is much more complicated than the analysis of the same circuit

22
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Figure 2.29:

with ideal diodes. The result is however almost identical (in many practical
applications) to that obtained by replacing the junction diodes with ideal diodes.
Indeed, consider the analysis of the circuit in figure 2.3. (example 2.1.1). The
circuit is redrawn in figure 2.29 with junction diodes and we assume the values:
n
VT
IS

= 2
= 25.2 mV
= 10−9 mA

One easily verifies that the circuit is completely described by the five following
equations:
I1
I2
vo − V1 − 10
20 K
−20 − (vo + V2 )
10 K
vi − vo
+ I2
10 K

=
=

IS (eV1 /(nVT ) − 1)
IS (eV2 /(nVT ) − 1)

(2.4)
(2.5)

=

I1

(2.6)

=

I2

(2.7)

=

I1

(2.8)

The system of equations is non-linear and can only be solved approximately with
numerical analysis methods. The result is sketched in figure 2.30 and is almost
identical to that obtained at example 2.1.1. In order to avoid having to use
numerical analysis methods to solve every circuit containing PN junction diodes,
we will use simple diode models based on ideal diodes, the behaviour of which
resembles that of real practical junction diodes. These models contain resistors,
independent sources, and ideal diodes. They allow the approximate analysis of
circuit containing junction diodes with the procedure detailed at section 2.1.
The models and their approximate I − V characteristics are presented in figure
2.31.
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Figure 2.30:

2.5

Diode Applications

We now present some applications in which junction diodes are encountered.
There are many other applications of diodes. The following applications will
also serve to better explain the general methods of analysis of circuits containing
diodes. In this section we assume all diodes to be ideal.

2.5.1

Circuits Contain No Capacitor

These are the simplest circuits to analyze and we have already seen some of
them.
Clippers and Limiters
They are analyzed with the method presented in section 2.1. Many examples
are implemented in laboratory No 2.
Wave Shapers
They are analyzed with the method presented in section 2.1. Many examples
are implemented in laboratory No 2. Such circuit are used, among other things,
to convert a triangular wave into a sine wave.

2.5.2

Circuits Contain One Capacitor

The input is a periodic signal of period T . The circuits can be divided in 3
categories according to the capacitor behaviour:
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Figure 2.31:

1. T is large enough so that the capacitor can completely charge/discharge
itself. The circuit’s response contains a transient response and steady state
response. The calculation of both transient and steady state responses is
done and this maybe more difficult than the other applications. This is
the differentiator circuit.
2. Capacitor cannot discharge itself at all. The circuit’s response contains a
transient response and steady state response. The analysis of the transient response would be very difficult. We will only find the steady state
response of the circuit. This should be simpler. This is the coupling and
multiplier circuit.
3. Capacitor can partially charge/discharge itself during a period T . The
circuit’s response contains a transient response and steady state response.
The analysis of the transient response would be very difficult. We will
only find the steady state response of the circuit. This is the integrator
and filtered rectifier circuit.
Asymmetrical Saw-Tooth
Consider the circuit of figure 2.32 in which Vi (t) is a square wave of amplitude
A, period T and 0-average value (0-DC offset). The diode is assumed ideal for
simplicity. We first observe that:
D is short-circuit ⇔ I > 0
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Figure 2.32:

Figure 2.33:

Moreover we must have −A ≤ Vo (t) ≤ A and regardless of the state in which
diode D is we have I > 0 ⇔ Vi > Vo , that is



Vi = +A ⇒ D is short-circuit
I > 0 ⇔ Vi (t) = +A ⇒
Vi = −A ⇒ D is open-circuit
When D is a short-circuit the time constant is τ1 = R1 C and when D is an
open-circuit the time constant is τ2 = (R1 + R2 )C. The waveforms presented
in figure 2.33 are then observed in steady state.
Falling Edge Detector
Consider the circuit of figure 2.34 with input Vi (t) as shown. The diode is
assumed ideal for simplicity. We also assume that T is sufficiently large to allow
the capacitor to fully charge or discharge within any time interval of duration
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Figure 2.34: Falling edge detector and its input

(a)

(b)

Figure 2.35: Falling edge detector: two possible configurations

T /2. The circuit may take any of the two configurations shown in figure 2.35. In
deriving an expression for Vo (t), IC (t) (and ID (t) if required) on each of the two
states of Vi (t), we will need to find the initial conditions. These are obtained by
solving the circuit just before a transition of Vi (t) knowing that the capacitor
is then fully charged.
Case 1 (t = (−T /2)− , i.e. initial condition for t > −T /2). The equivalent
circuit is shown in figure 2.36 where Ii ((−T /2)− ) = 0 since the capacitor is
fully charged. Clearly D ≡ short-circuit since VR > 0, Vo ((−T /2)− ) = 0 and
we have:
VC ((−T /2)− ) = 0 − (−A) = A
Case 2 (−T /2 < t < 0 with initial condition VC ((−T /2)+ ) = A from above).
The equivalent circuit is shown in figure 2.37. Clearly D ≡ short-circuit at
t = (−T /2)+ , Vo ((−T /2)+ ) = 0 and this remains valid as long as ID (t) > 0.
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Figure 2.36:

Figure 2.37:
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Figure 2.38:

Figure 2.39:

From figure 2.35(a)
ID (t) =

VR
+ Ii (t)
R2

and we easily obtain:
Ii (t) =

2A −(t+T /2)/(R1 C)
e
R1

when −T /2 < t < 0 as shown in figure 2.38. It follows that ID (t) > 0 for every
t on the interval −T /2 < t < 0 and consequently Vo (t) = 0 on the same interval.
This is sketched on figure 2.39.
Case 3 (t = 0− , i.e. initial condition for t > 0). From the previous case, D ≡
short circuit at t = 0− and I − i(0− ) = 0 since the capacitor is completely
charged. It follows that:
VC (0− ) = 0 − A = −A
Case 4 (0 < t < T /2 with initial condition VC (0+ ) = −A from above). The
equivalent circuit is presented in figure 2.40.
Claim: At t = 0+ the diode is reverse biased, i.e. D ≡ open circuit.
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Figure 2.40:

Figure 2.41:

Proof. If D ≡ short circuit then from figure 2.35(a) we would have Vo (0+ ) = 0,
Ii (0+ ) = −2A/R1 and
VR
2A
ID (0+ ) =
−
R2
R1
ID (0+ ) > 0 if and only if VR > 2AR2 /R1 , but the initial statement of the
problem states the opposite! D is therefore not short-circuit.
The diode remains reverse biased as long as Vo (t) < 0. We find:
Ii (t) = −

VR + 2A −t/((R1 +R2 )C)
e
R1 + R2

Vo (t) = VR + R2 Ii (t)
= VR −

R2 (VR + 2A) −t/((R1 +R2 )C)
e
R1 + R2

Vo (t) is sketched on figure 2.41 and this curve is only valid in the interval
0 < t < tp where we define tp as the instant at which the exponential equals 0:
VR −

R2 (VR + 2A) −tp /((R1 +R2 )C)
e
=0
R1 + R2

(2.9)

From t = tp , Vo (t) is no longer negative and the diode becomes forward biased.
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Figure 2.42:

Case 5 (t = t−
p , i.e. initial condition for t > tp ). We have
−
−
Vo (t−
p ) = 0 = VR + R2 Ii (tp ) ⇒ Ii (tp ) =

−VR
R2

It follows that
VC (t−
p)=0−




R1 VR
− A − R1 Ii (t−
)
=A−
p
R2

R1 VR
from above).
Case 6 (tp < t < T /2 with initial condition VC (t+
p ) = A − R2
From the previous case we have D ≡ short circuit. The equivalent circuit is
shown in figure 2.42. From figure 2.35(a) we have Vo (t) = 0 and this remains
valid as long as ID (t) > 0:

ID (t)

=

Ii (t)

=

VR
+ Ii (t)
R2
−VR −(t−tp )/(R1 C)
e
R2

for t > tp . Clearly ID (t) > 0 from t = tp to t = T /2 and Vo (t) = 0. This is
sketched in figure 2.43.
The process repeats by periodicity of Vi (t) and we obtain the waveform
shown in figure 2.44.
Clamper
Consider the circuit of figure 2.45(a) with input Vi (t) as shown in figure 2.45(b)
and components R, C such that RC ≫ T where T is the period of Vi (t); in
other words it is assumed that the charge of capacitor C remains approximately
constant for every time t. Similarly to the multiplier circuit that follows, we
can show that lim VC (t) = max(VA − VB ). Vo (t) is then easily obtained and
t→∞

this is left as an exercise (see problem 5).
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(a)

(b)

Figure 2.43: Falling edge detector: tp < t < T /2

Figure 2.44: Falling edge detector: output waveform
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(a) Coupling circuit

(b) Coupling circuit’s input

Figure 2.45: Coupling circuit and it’s input

Figure 2.46: Multiplier: 1 stage
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Figure 2.47: Multiplier: 2 stages

Figure 2.48: Multiplier: 3 stages

Multiplier
Consider the circuit of figure 2.46 with input Vi (t) = A sin(ωt), A > 0. We first
notice that the charge on capacitor C cannot decrease, the diode blocking any
discharge of the capacitor. After a period of the input signal (after π/(2ω) to
be more accurate) we have Vo1 (t) = max(Vi (t)) = A and diode D then remains
open-circuited (reverse biased) for every time t. We then add another stage as
shown in figure 2.47. Noticing that the total charge on both capacitors cannot
decrease, we obtain after a certain time Vo2 (t) = max(−Vi (t) + A) = 2A and
the diodes remain open-circuited (reverse biased) for every time t. We then
add another stage as shown in figure 2.48. Noticing that the total charge on
all three capacitors cannot decrease, we obtain after a certain time Vo3 (t) =
max(−A + Vi (t) + 2A) = 2A and the diodes remain open-circuited (reverse
biased) for every time t. We can add as many stages as we want and very large
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Figure 2.49: Multiplier: 5 stages

Figure 2.50:

voltages may be generated in this way. This is illustrated in figure 2.49 in which
a voltage of 850 V is obtained with five diodes and five capacitors when Vi (t) is
a 120 V RMS sinewave.
Rectifier With Filter
Definition 2.5.1. A rectifier is a circuit that removes or transforms all the
negative portions (or positive) of an input signal to produce a signal that is
always positive (or negative).
An approximately constant DC voltage may be obtained by properly filtering
the voltage at the output of a rectifier; we obtain an AC to DC converter.
1. Half-wave rectifier:
Consider the circuit of figure 2.50 with input
Vi (t) = A sin(ωt). Vi (t) could represent the voltage available from an
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Figure 2.51:

Figure 2.52:

electrical outlet. First we assume that the capacitor is removed from
the circuit (or equivalently C = 0). Clearly the diode is forward biased
when Vi (t) > 0 and it is reverse biased when Vi (t) < 0. The output thus
produced is presented in figure 2.51. When C 6= 0, the charge/discharge
of the capacitor have two different time constants: one corresponds to the
diode in the forward biased state and the other corresponds to the diode
in the reverse biased state.
(a) When the diode is forward biased, the capacitor is directly connected
on the voltage source and the equivalent impedance seen by the capacitor is 0. The time constant is 0 and the capacitor is directly
charged by the voltage source.
(b) When the diode is reverse biased the capacitor’s discharge path goes
through the load impedance RL , the equivalent impedance seen by
the capacitor is RL and the time constant is RL C.
If C is such that RL C ≫ ω1 the output thus produced is presented in figure
2.52. With a very large capacitor value C, the discharge of the capacitor
is very slow and the ripple present in the output is very small; we obtain
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Figure 2.53:

Figure 2.54:

in this way an AC to DC converter.

2. Full-wave rectifier: bridge rectifier An improved version of the previous half-wave rectifier is presented in the figure 2.53 where as before we
have Vi (t) = A sin(ωt). On the positive portion of the input signal, the
current flows from the source to the load through diodes D1 , D3 : D1 , D3
are forward biased, D2 , D4 are reverse biased. On the negative portion
of the input signal, the current flows from the source to the load through
diodes D2 , D4 : D2 , D4 are forward biased, D1 , D3 are reverse biased.
Current IL flowing through the load is positive at all time and we obtain
the voltages presented in figure 2.54. This rectifier takes advantage of
both the positive and negative portions of the input signal. An AC to DC
rectifier is obtained by placing a capacitor in parallel with the load at the
output of the rectifier, similarly to the half-wave rectifier above.

2.6. TYPES OF DIODES:

37

Figure 2.55:

Figure 2.56:

2.6

Types of diodes:

2.6.1

PN junction diode:

The electrical symbol is presented in figure 2.55. This is an ordinary diode,
what we have presented thus far.

2.6.2

Light Emitting Diode (LED):

The electrical symbol is presented in figure 2.56. A photon is emitted when the
carriers cross the potential barrier of the junction in the forward biased state
of the diode. The potential barrier of these diodes is usually larger than the
typical value of 0.7 V that we have been using in numerous examples. A typical
value may be in the order of 1.5 V.

2.6.3

Zener diode:

The electrical symbol together with its equivalent circuit model are presented
in figure 2.57. The breakdown voltage VZK < 0 of a Zener diode (refer to
figure 2.26) is called Zener voltage and it is known accurately. Zener diodes are
commercially available with a Zener voltage ranging from a few volts to a few
tens of volts. Zener diodes are used to make voltage regulators which are circuits

Figure 2.57:
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Figure 2.58:

Figure 2.59:

that produce a constant DC voltage over a wide range of load impedances; this
is illustrated in the example that follows.
Example 2.6.1. Consider the circuit of figure 2.58 in which the input vi (t)
satisfies 35 V ≤ vi (t) ≤ 45 V, ∀t and the Zener diode has a breakdown voltage
of 5.1 V. The Zener’s equivalent circuit model is presented in figure 2.59. We
first notice that Zener diode D is reverse biased at all time which implies that
D1 of the equivalent diode model is reverse biased and behaves like an open
circuit at all time; it may then be removed from the diode model in this case.
The equivalent model of the circuit, including the equivalent model of the Zener
diode (without D1 ) is presented in figure 2.60. From Ohm’s law we clearly have:

Figure 2.60:
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I680 (t)

=

vi (t) − vo (t)
680 Ω

IRL (t)

=

vo (t)
RL

and by Kirchoff’s current law:
ID (t) =

vi (t) − vo (t) vo (t)
−
≥0
680 Ω
RL

for every t. We also see that:
ID (t) > 0
m
vi (t)RL
RL +680 Ω > vo (t)

=⇒

vo (t) = 5.1 V

This means that:
(t)RL
whenever RvLi+680
Ω > 5.1 V then D2 behaves like a short-circuit and
vo (t) = 5.1 V.

The above inequality is equivalent to RL >

5.1 V×680 Ω 1
vi (t)−5.1 V .

Therefore

vi (t) = 35 V

=⇒ vo (t) = 5.1 V as long as RL > 116 Ω

vi (t) = 45 V

=⇒ vo (t) = 5.1 V as long as RL > 87 Ω

Since vi (t) may take any value between 35 V and 45 V, we can guarantee that
vo (t) = 5.1 V as long as RL > 116 Ω; clearly this satisfies the definition of a
voltage regulator.
Remarks.
1. For any RL > 116 Ω in the circuit of the above example we have:
I680 (t) =

IRL (t) =

vi (t) − 5.1 V
is a non-constant function of t
680 Ω
5.1 V
is constant ∀t (IRL (t) > I680 (t) as shown in
RL
the example)

ID (t) >0 is a non-constant function of t given by the
difference I680 (t) − IRL (t)
1 This expression holds as long as v (t) > 5.1 V which is guaranteed by the assumption
i
that 35 V ≤ vi (t) ≤ 45 V
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Figure 2.61:

Figure 2.62:

In concrete word, this means that a voltage of 5.1 V is applied across any
load RL > 116 Ω. The load draws the current that it needs (5.1 V/RL )
from I680 (t) and the remainder flows through the Zener diode (ID (t) =
I680 (t) − IRL (t)).
2. If RL < 116 Ω then diode D2 of the equivalent diode model may be reversebiased (behaves like an open–circuit) over some time intervals and then
vo (t) 6= 5.1 V; the voltage is then no longer regulated. We can show that
the time average of vo (t), denoted by hvo (t)i, satisfies hvo (t)i ≤ 5.1 V when
RL < 116 Ω and clearly hvo (t)i = 0 when RL = 0.

2.6.4

Varactor:

Because a certain charge accumulates on either side of the junction, a reversebiased diode behaves like a small capacitor (few pF to a few hundreds of pF).
Moreover the width of the depletion region, as well as the equivalent capacitance
value, depends on the biasing voltage applied. A reverse biased diode can then
be used as a voltage controlled capacitor. A varactor is a diode that is specially
designed for this purpose. Its electrical symbol is presented in figure 2.61. It is
used in the implementation of modulators for frequency modulation (FM) and
parametric filters.

2.6.5

Tunnel effect diode:

The electrical symbol is presented in figure 2.62. Such a diode is specially
manufactured so that its I − V characteristic has the shape of the curve shown
in figure 2.63. It exhibits a negative dynamic resistance over a certain interval of
forward biasing voltage. This is useful in the implementation of some oscillator
circuits.
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Figure 2.63:

2.7

Small Signal AC model of the Diode

Consider a (non-ideal) junction diode connected on a time-varying current
source ID (t) as shown in figure 2.64(a). The current source ID (t) consists in a
DC component, denoted as ID and a small purely AC component2 denoted as
iD (t):
ID (t) = ID + iD (t)
Figure 2.64(a) could be redrawn as in figure 2.64(b) to show both AC and DC

(a)

(b)

Figure 2.64:
components of ID (t). We next calculate VD (t) using the exponential characteristic of the diode (refer to section 2.3). Specifically, we will extract from the
time-varying voltage VD (t) its DC component and its purely AC component,
denoted respectively as VD and vD (t):
VD (t) = VD + vD (t)
From the general expression of the exponential characteristic
I = IS (eV /(nVT ) − 1)
2 Not necessarily sinusoidal. i (t) could be sine, triangular, square or any type of wave,
D
the average value of which is 0.
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we isolate the voltage V and replace I by ID (t) and V by VD (t). We then
obtain:


ID (t)
+1
VD (t) = nVT ln
IS

 i (t) 
ID
D
+1 +
= nVT ln
IS
IS
We then use the Taylor series expansion:



x
x2
x3
x4
x5
x
= ln (A) +
−
+
−
+
+ O x6
ln A +
2
2
3
3
4
4
5
5
B
BA 2B A
3B A
4B A
5B A

x
in the neighbourhood of x = 0. If AB
≪ 1 in the above, then we can approximate with the first two terms of the sum. Replacing:

ID
+1
IS
B = IS
x = iD (t)
A=

we obtain:


nVT iD (t)
ID
+ 1 + ID
VD (t) ≈ nVT ln
IS
+ 1 IS
|
{z
} |IS {z
}
DC component

AC component

= VD + vD (t)

as long as:
IS
and where

iD (t)
 ≪1
ID
IS + 1
vD (t) =

⇔

iD (t) ≪ ID + IS

nVT
iD (t)
ID + IS

(2.10)

(the inequality iD (t) ≪ ID + IS is equivalent to vD (t) ≪ nVT ). Equation
T
is called the dynamic resis(2.10) is of the form V = R I and the factor IDnV+I
S
tance of the diode. It is easily seen, from the Taylor series expansion, to equal
the multiplicative inverse of the slope of the tangent of the I −V characteristic of
the diode at the point (VD , ID ), as illustrated in figure 2.65. It follows from this
analysis that the DC and AC components of VD (t) can be calculated separately.
First the DC component is calculated using the exponential characteristic of
the diode (or any of the piece-wise linear models presented in section 2.4) while
setting the AC component(s) to 0. Next, the AC component is calculated by
modelling the diode as a resistor of value
Rdynamic =

nVT
ID + IS
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Figure 2.65:

Figure 2.66: Small signal AC model of the junction diode

while setting the DC component(s) to 0. Finally, the DC and AC components
are added to yield the approximate value of VD (t).
The procedure bears some resemblance with the application of the superposition theorem to the analysis of a linear circuit. It is conceptually important to
remember that the superposition theorem does not apply to the present situation
since the circuit is non-linear. What we have shown is that the superposition
principle nonetheless applies as long as the AC components are relatively small
and that the DC analysis is performed first in order to obtain the value ID .
We can then say that from the point of view of small AC signals, a diode
maybe represented by the equivalent linear circuit model of figure 2.66.
Example 2.7.1. To be seen in class . . .

2.8

Problems

1. Calculate and sketch the Vo versus Vi input-output characteristic of each
of the circuits in figure 2.67.
2. Determine and sketch the I − V characteristic of the circuits in figure 2.68
in which D1 , D2 are identical diodes with I − V characteristic:
I = IS (eV /(nVT ) − 1)
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(a)

(b)

(c)

(d)

(e)

Figure 2.67:
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(a)

(b)

Figure 2.68:

3. Repeat problem 1 above, using the diode model 1 of figure 2.31.
4. Obtain an expression for tp in the differentiator circuit of section 2.5.2 as
a function of VR , A and the circuit components.
Suggestion: Start with equation (2.9) on page 29 of these notes.
5. Sketch the output Vo (t) for the coupling circuit of section 2.5.2 with input
as shown in figure 2.45(b) assuming that VR > 0 and RC ≫ T . Also sketch
the output, in steady state, when the input is a sinewave of amplitude A,
frequency 1/T and 0 DC offset.
6. Consider the circuit of figure 2.69 in which D is a Zener diode with Zener
voltage VZK = 6.8 V. Calculate the output voltage Vo for each of the
following conditions.
(a) Vi = 15 V and RC = 50 Ω,
(b) Vi = 20 V and RC = 50 Ω,
(c) Vi = 15 V and RC = 100 Ω,
(d) Vi = 20 V and RC = 100 Ω,
(e) Vi = 15 V and RC = 25 Ω.

Figure 2.69:
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Example 2.1.1 in section 2.1, page 6, of the notes

Figure 2.70:
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Figure 2.71:
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Chapter 3

MOSFET
3.1

Generalities and Static Characteristic

An (enhancement-type) Metal Oxide Semiconductor Field Effect Transistor
(MOSFET) is a electronic device with three terminals identified by drain (D),
gate (G), source (S) such that the static characteristic is as shown in figure 3.3.
There are two channel types (N-channel and P-channel) and the electrical symbols are presented in figure 3.1(a) and 3.1(b). We will most often be using the
N-channel enhancement-type and the operation of the P-channel is very similar;
the few differences are presented in section 3.8.
The static characteristic of an N-channel type MOSFET is measured by
connecting it as in figure 3.2 and the characteristic is shown in figure 3.3 (figure
3.4 for a 3-dimensional representation). We distinguish four regions of operation:
1. the triode or ohmic or linear region,
2. the saturation or active or pinch–off region,
3. the cut–off region, and
4. the breakdown region.

(a) N-channel enhancement-type MOSFET

(b) P-channel enhancement-type MOSFET

Figure 3.1:
49
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Figure 3.2:

Figure 3.3:
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Figure 3.4: Static Characteristic of a MOSFET (Vt = 1.5 V and K =
2
0.125 mA/V )

52

CHAPTER 3. MOSFET

Figure 3.5:

The normal operation of the N-channel MOSFET is restricted to VDS ≥ 0 and
we always have IG = 0. The behaviour of the N-channel MOSFET in other
conditions is not interesting (in this course). From the static characteristic, we
define the two following parameters:
• Vt : the threshold voltage expressed in volts,
2

• K: the MOSFET transconductance parameter in mA/V .
Example 3.1.1. Consider the circuit of figure 3.5 for which 0 < Vt < VB .
Find graphically the drain–source voltage VDS = VDS0 and the drain current
ID = ID0 using the static characteristic of the MOSFET.
Solution: Clearly VGS = VB > Vt and we notice that

VD = VA 
V
≥0
 DS
0 ≤ VS ≤ VA

Also IG = 0 and consequently ID = IS . We then obtain, from the MOSFET’s
static characteristic, the relationship between ID and VDS when VGS = VB .
This is sketched in figure 3.6 together with the line
VA = RS ID + VDS

obtained by applying Kirchoff ’s Voltage law to the circuit on the path going
from the reference (ground) to VA through D and S. The solution is clearly
unique: VDS = VDS0 and ID = ID0 . The N-channel MOSFET is therefore
biased in the active region to the point:
(VGS = VB , ID = ID0 , VDS = VDS0 ) .
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Figure 3.6:

In the remainder of the chapter we assume that 0 ≤ VDS < VR and any
N-channel type MOSFET is biased in either the ohmic region, the active region
or the cut-off region. From the static characteristic we observe that (for an
N-channel MOSFET)
1. the MOSFET is biased in the ohmic region (region 1 in figure 3.3) if and
only if
Vt < VGS and
0 ≤ VDS ≤ VGS − Vt
2. the MOSFET is biased in the active region (region 2 in figure 3.3) if and
only if
VGS > Vt and
VDS > VGS − Vt
3. the MOSFET is biased in the cut–off region (region 3 in figure 3.3) if
and only if
VGS ≤ Vt
Furthermore it can be shown that when the MOSFET is biased in the ohmic
region (region 1 ) then ID , VDS , VGS are related by:



2
(3.1)
ID (VDS , VGS ) = K 2 VGS − Vt VDS − VDS

For any given VGS , equation (3.1) describes a family of parabolas (ID versus
VDS ) that are opened downward; this can be seen in the static characteristic of
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Figure 3.7:

figure 3.3. When 0 ≤ VDS ≪ VGS − Vt , equation (3.1) maybe approximated as:
ID ≈ 2K(VGS − Vt )VDS
or equivalently:


−1
ID
VDS ≈ 2K(VGS − Vt )
{z
}
|
constant

The latter expression is interpreted as follows. Recalling that the circuit is as
shown in figure 3.7, we immediately see that the MOSFET biased such that
0 ≤ VDS ≪ VGS − Vt behaves like a resistor, the value of which is a function
of VGS ; in other words it is a voltage controlled resistor, and this is why this
region is called ohmic.
Next, when the MOSFET is biased in the active region then ID is a function
of VGS only. Equation (3.1) maybe used to find this relationship. Indeed,
ID (VGS )

active

=
=

ID (VDS , VGS ) V =V −V
DS
GS
t
2
K VGS − Vt when Vt ≤ VGS

In other words, if VDS ≥ VGS − Vt and Vt < VGS then ID is described by the
following parabola opened upward:
2
ID = K VGS − Vt

This expression is sketched in figure 3.8.
Finally in the cut-off region, ID = 0 (for any value of VDS ).

Example 3.1.2. Calculate the biasing point of the MOSFET in the circuit of
figure 3.9.
Solution. The MOSFET maybe biased in anyone of the three regions (since we
exclude the breakdown regions)1 :
1 There are three other regions obtained obtained by interchanging the drain and the source,
but we assume in the present case that the terminals are as identified in the figure.

3.1. GENERALITIES AND STATIC CHARACTERISTIC

Figure 3.8:

Figure 3.9:
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1. MOSFET is cut-off. In this case:
ID = 0, IG = 0
VGS ≤ Vt
2. MOSFET is active. In this case:
2
ID = K VGS − Vt , IG = 0
Vt < VGS
VDS > VGS − Vt

3. MOSFET is in the ohmic region. In this case:



2
ID = K 2 VGS − Vt VDS − VDS
, IG = 0
Vt < VGS

0 ≤ VDS ≤ VGS − Vt
We first assume that the MOSFET is biased in the cut-off region (we start
with cut-off since it is the easiest one to analyze). Under this assumption we
easily obtain:
VD
VG

= 6V
= 4V

VS

= 0V

and notice that VGS = 4 V 6≤ Vt . Therefore the MOSFET is not biased in the
cut-off region.
We next assume that the MOSFET is biased in the active region. In this
case the equations are:
2
ID = 0.4 × 10−3 VGS − 2
VGS

=

4 − 500 ID

and by substituting the second equation into the first equation we obtain:

or equivalently

2
4 − VGS
= 0.4 × 10−3 VGS − 2
500
2
VGS
+ VGS − 16 = 0

It follows that:
VGS =


 −4.531129... V or


3.531129... V

3.1. GENERALITIES AND STATIC CHARACTERISTIC
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Figure 3.10:

Figure 3.11:

The solution −4.531129 V must be eliminated because it violates the condition Vt < VGS for the active region. The only possible solution is therefore VGS = 3.531129 V which in turn implies that ID = 0.9377423 mA. It follows that (refer to the circuit) VS = VG − VGS = 4 − 3.53 = 0.469 V and also
VDS = 5.5311 V. This is clearly seen to verify the condition VDS > VGS − Vt
and there are no contradictions. The assumption that the MOSFET is biased
in the active region is therefore correct and the currents and voltages in the
MOSFET are as shown in figure 3.10. The Q-point of the MOSFET is thus:
(VDS = 5.531 V; ID = 0.9377 mA; VGS = 3.531 V)

Example 3.1.3. Calculate the biasing point of the N-channel MOSFET in the
circuit of figure 3.11.
Solution: We first assume that the MOSFET is biased in the cut-off region.
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We then easily obtain:
VD

=

6 V,

VG
VS

=
=

4 V,
0 V,

and it follows that VGS = 4 V 6< Vt ; the MOSFET is therefore not biased in the
cut-off region.
We next assume that the MOSFET is biased in the active region. In this
case we have
2
ID = 0.4 × 10−3 VGS − 2
VGS

=

4 − 500 ID

as in example 3.1.2. The solution of this system of (non-linear) equations is as
before
VGS
ID

=
=

3.531129 V
0.9377423 mA

We then obtain VS = 0.469 V, VD = 6−0.9377423×5000 = 1.3113 V. It follows
that 0.8424 V = VDS 6> VGS − Vt = 1.5311 V. The MOSFET is therefore not
biased in the active region.
Finally we assume that the MOSFET is biased in the ohmic region and the
corresponding equations are:



2
(3.2)
ID = 0.4 × 10−3 2 VGS − 2 VDS − VDS
VDS

=

6 − 5000 ID − 500 ID

(3.3)

VGS

=

4 − 500 ID

(3.4)

Substituting equations (3.3) and (3.4) into (3.2) leads to a quadratic equation
in the unknown ID . The solutions are:
(ID = 0.888 mA, VGS = 3.555 V, VDS = 1.111 V)
(ID = 0.5454 mA, VGS = 3.7272 V, VDS = 3 V)
and clearly the second solution has to be eliminated because
3 V = VDS 6< VGS − Vt = 1.7272 V.
One easily verifies that inequalities Vt < VGS and VDS < VGS − Vt are both
satisfied, thus confirming the assumption that the MOSFET is biased in the
ohmic region. The Q-point of the N-channel MOSFET is:
(ID = 0.888 mA, VGS = 3.555 V, VDS = 1.111 V).
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Figure 3.12:

3.2

Fabrication of the N-Channel MOSFET

3.3

Biasing of an N-Channel MOSFET in the
Active Region

In the remainder of the chapter we are required to bias a MOSFET in the active
region. We present a few circuits that may be used. The ideal circuit should be
as simple as possible while ensuring that the Q-point be insensitive to variations
of parameters Vt , K. We recall that for a N-channel MOSFET in the active
region we have:
Vt < VGS
VGS − Vt < VDS
ID = K VGS − Vt
and as always IG = 0.

3.3.1

2

Fixed-Biasing

Consider the circuit of figure 3.12. The above equations and inequalities become:
Vt < VGS

=

VB

VB − Vt < VDS

=

VA − RD I D

ID

=

K VB − Vt

2
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Figure 3.13:

In order for the inequalities to be satisfied we must have:
VB > Vt
VA > RD I D + VB − Vt
and this can always be accomplished by an appropriate choice of VA and VB .
The solution of the above equations yields the Q–point of the MOSFET and
maybe represented graphically as in figure 3.13. We notice that the biasing
point of the MOSFET will change if parameters K and Vt change. This may
happen if the MOSFET is replaced, but it may also be caused by a change
in temperature. In the case of curve (2’) with parameters, K ′ and Vt′ , the
drain current of the (new) MOSFET would be significantly different than that
obtained with curve (2). This method of biasing a MOSFET is very sensitive
to variations in parameters Vt , K and is usually avoided.

3.3.2

Compound-Biasing

The MOSFET is biased as in figure 3.14(a) (since it requires only one power supply VA ) and the analysis is simplified by the application of Thévenin’s theorem
as shown in figure 3.14(b) recalling that:
VA R2
R1 + R2
RG = R1 ||R2
VB =

(3.5)
(3.6)

When the MOSFET is in the active region we have:
Vt < VGS = VB − RS ID
VB − RS ID − Vt ≤ VDS = VA − (RS + RD )ID
I D = K VB − RS I D − Vt

2
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(a)

(b)

Figure 3.14:

Figure 3.15:

In order for the inequalities to be satisfied we must have:
VB > Vt + RS I D
VA ≥ VB − Vt + RD I D
The above are represented graphically in figure 3.15. This is the preferred
biasing technique and yields a more stable Q-point than fixed-biasing.
R1 , R2 can easily be calculated from given values of VA , VB , RG using the
following:
VA RG
VB
R2 = RG ||(−R1 )

R1 =

These correspond to an inverse operation of equations (3.5), (3.6); they are
often useful in the design of the biasing circuit of a MOSFET.
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Figure 3.16:

3.4

Small Signal AC Model of the MOSFET in
the Active Region

Consider a circuit comprising a MOSFET biased in the active region such as
in figure 3.16. We next describe the effect on ID and VDS of a time varying
voltage VGS (t). We restrict the analysis to the case in which the time variations
are such that the MOSFET remains biased in the active region at all time, i.e.
for every t we have (the consequences of this assumption will be verified later):
VGS (t) > Vt
VDS (t) > VGS (t) − Vt
We then have:
ID (t) = K VGS (t) − Vt

2

Since VGS (t) > 0, ∀t then its DC value (or average value) must be positive
and it is denoted by VGS . We next denote the AC component of VGS (t) by
vGS (t) , VGS (t) − VGS . ID (t) may then be expressed as:
2
ID (t) = K VGS + vGS (t) − Vt



2
2
= K VGS − Vt + 2 VGS − Vt vGS (t) + vGS
(t)

If furthermore |vGS (t)| ≪ VGS − Vt , ∀t, the latter becomes:
2

ID (t) ≈ K VGS − Vt + 2K VGS − Vt vGS (t)
2
≈ K VGS − Vt + gm (VGS )vGS (t)
{z
}
{z
} |
|
DC component

AC component

where gm (VGS ) is defined by:

gm (VGS ) , 2K VGS − Vt



The terms of equation (3.7) are interpreted as follows:

(3.7)
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2
DC component of ID (t): ID = K VGS − Vt maybe calculated with the
static characteristic of the MOSFET when the AC component of VGS (t)
is set to 0 (it is removed from the input).
AC component of ID (t): iD (t) = gm (VGS )vGS (t) is directly proportional to
vGS (t), the AC component of VGS (t). It is a function of both the AC and
DC components of VGS (t).
It follows from the previous analysis that if the MOSFET (in the active region
at all time with |vGS (t)| ≪ VGS − Vt ) is part of a linear circuit then the AC
and DC components of the currents and voltages maybe calculated separately.
Specifically,
(1) Calculate all DC currents and voltages with the static characteristic of the
MOSFET by ignoring (i.e. setting to 0) all AC components.
(2) Calculate all AC currents and voltages with the expression iD (t) =
gm (VGS )vGS (t), by ignoring (i.e. setting to 0) all DC components, except
for VGS which is used to obtain the value gm (VGS ).
(3) Add all DC and AC components to obtain the final values of the currents
and voltages.
The procedure bears some resemblance with the application of the superposition
theorem to the analysis of a linear circuit. It is conceptually important to
remember that the superposition theorem does not apply to the present situation
since the circuit is non-linear. What we have shown is that the superposition
principle nonetheless applies as long as the MOSFET remains in the active
region at all time, that the AC components are relatively small and that the
DC analysis is performed first in order to obtain the value gm (VGS ).
Example 3.4.1. Calculate ID (t), VDS (t), VGS (t) for the circuit in figure 3.17
in which vi (t) is an AC signal (0-DC or average value) such that |vi (t)| ≪ 2.5 V
and the MOSFET parameters are Vt = 2.5 V, K = 0.8 mA/V2 .
Solution:
DC component value calculations: All AC components are set to 0 and
we obtain the circuit of figure 3.18 (fixed biasing) and we easily find:
VGS

=

5V

ID

=

VDS

=


2
0.8 mA/V2 5 V − 2.5 V = 5 mA

20 V − 1.5 kΩ × 5 mA = 12.5 V > VGS − Vt = 2.5 V

and the MOSFET is therefore biased in the active region.
AC component value calculations: All DC components are set to 0 and
using the above value VGS = 5 V we find:

gm (VGS ) = 2 × 0.8 mA/V2 × 5 V − 2.5 V = 4 m℧
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Figure 3.17:

Figure 3.18:

Figure 3.19:
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Figure 3.20:

We obtain the equivalent model of figure 3.19 showing the time varying
components that are over–imposed on the DC components that have been
calculated above. We easily find:
vGS (t)

=

vi (t)

iD (t)
vD (t)
vS (t)

=
=
=

4 m℧ vGS (t) = 4 m℧ vi (t)
−RD iD (t) = −6vi (t)
0

vDS (t)

=

−6vi (t)

Add DC and AC values: The desired expressions of voltages and currents
are finally obtained by summing the DC and AC components:
ID (t)

=

5 mA + 4 m℧ vi (t)

VDS (t)
VGS (t)

=
=

12.5 V − 6 vi (t)
5 V + vi (t)

IG (t)
VS (t)

=
=

0
0

We recall equation (3.7):
iD (t) = gm (VGS )vGS (t)
The significance of this expression is that from the point of view of small AC
signals, a MOSFET that is biased in the active region maybe represented by
the equivalent linear circuit model of figure 3.20 in which the parameter gm is
given by:

gm (VGS ) = 2K VGS − Vt

In this context, a small AC signal is such that |vGS (t)| ≪ VGS − Vt at all time.
The model of figure 3.20 is referred to as the small signal AC model of the
MOSFET biased in the active region and gm is called the transconductance gain
of the MOSFET.
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Figure 3.21:

Figure 3.22:

3.5

Power Amplifier

We next illustrate on an example that a MOSFET maybe used to produce an
amplified copy of a 0-DC signal vi (t). Consider the circuit of figure 3.21. We
separate the DC and AC analysis as detailed in the previous section. From the
point of view of DC signals (in steady state) the capacitors behave like opencircuits and after setting the AC sources to 0 we obtain the circuit of figure
3.22. We recognize the circuit of example 3.4.1 where we found
ID = 5 mA
VD = 12.5 V = VDS
VS = 0
IG = 0
VGS = VG = 5 V
and we recall that the MOSFET is biased in the active region. Clearly
Vo = 0 V ≡ DC component of Vo (t). From the point of view of AC signals we

3.5. POWER AMPLIFIER
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Figure 3.23:

assume that the capacitors are sufficiently large to behave like short-circuits 2 ,
the DC sources are set to 0 and as detailed in the previous section we may
replace the MOSFET by its small signal AC model with transconductance gain
gm (VGS ) = gm (5 V) = 4 m℧ since the MOSFET is biased in the active region;
the equivalent circuit is shown in figure 3.23 and we recognize review problem
#11 from the document ProblemesRevision.pdf. We may then directly write:
vS (t)
iG (t)

=
=

0
0

vGS (t)
iD (t)

=
=

vi (t)
4 m℧ vi (t)

vD (t) = vo (t)

=
=

−(1.5 kΩ||1 kΩ) 4 m℧ vi (t)
−2.4 vi (t)

The DC and AC components are finally added together and we find:
IG (t)

=

0

VS (t)
VGS (t)
ID (t)

=
=
=

0
5 V + vi (t)
5 mA + 4 m℧ vi (t)

VD (t)
Vo (t)

=
=

12.5 V − 2.4 vi (t)
vo (t) = −2.4 vi (t)

vo (t) is a copy of vi (t) having over twice as much amplitude and out of phase.
The power that is delivered into the load RL = 1 kΩ is:
Pout (t) =

vo2 (t)
5.76 vi2 (t)
=
RL
RL

By contrast the power that is supplied by the voltage source vi (t) is:
Pin (t) = vi (t) iG (t) = 0
Clearly the circuit is a power amplifier.
2 We

will elaborate on this in future electronic courses.

68

CHAPTER 3. MOSFET

Remarks.
1. No energy is generated by the circuit. The energy that is delivered into
the load, given that it is not supplied by the voltage source vi (t), must
be supplied by the DC voltage source of 20 V. The circuit allows the low
power signal vi (t) to control the delivery of a larger amount of power from
the DC source in such a way that the output voltage is proportional to
vi (t).
2. A transformer is not an amplifier even though it may produce voltages
that are larger at the output (secondary side) than at the input (primary
side). Amplifier refers to power amplifier and this has nothing to do with
the output voltage. The voltage at the output could be smaller than
the voltage at the input and still deliver more power to a load than that
supplied by the input signal.
So far in sections 3.4 and 3.5 we have assumed that the MOSFET remains
biased in the active region and that |vGS (t)| ≪ VGS − Vt at all time. Recall that
the operation in the active regions is determined by the conditions
VGS (t) > Vt ,
VDS (t) > VGS (t) − Vt ,
for every t. These inequalities allow us to determine the region of validity of
the assumption “operation in the active region”, i.e. the region of operation of
the amplifier. We easily obtain (details provided in class) −1.25 V ≤ vi (t) ≤
3.235 V. This simple expression determines the region of validity of the analysis,
i.e. the region of operation of the amplifier. If vi (t) exceeds these limits, the
MOSFET no longer remains in the active region and the output will likely
become clipped.
Remark. The condition |vGS (t)| ≪ VGS − Vt does not prevent the circuit from
operating as an amplifier. If this condition is not satisfied, the output becomes
distorted. The region of operation of the amplifier is not affected by this condition.
In the following few sections we analyze some popular amplifier configurations. The method of analysis is presented below in steps 1 to 5. For the design
of an amplifier the steps are generally covered in the reverse order.
Step 1: Calculation of the circuit’s DC voltages and currents and calculation
of the biasing point of the MOSFET. This serves 2 purposes:
• Verify that the MOSFET is biased in the active region.

• Calculate the transconductance gain gm of the small signal AC model
of the MOSFET.
Step 2: Sketch the AC model of the circuit, including the small signal AC
model of the MOSFET.
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Figure 3.24:

Step 3: Calculation of the circuit’s AC voltages and currents and calculation
of the amplifier’s (AC) characteristics:
vo (t)
vi (t) ,
io (t)
Current Gain: AI , ii (t) ,
o (t)
Power Gain: AP , vvoi (t)i
(t)ii (t)

• Voltage Gain: AV ,
•
•

= AV AI ,

• Input Impedance: Zin , impedance seen by the source,
• Output Impedance: Zout , impedance seen by the load,
where the term impedance seen by is defined below (definition 3.5.1).
Step 4: Add the DC components (Step 1) and AC components (Step 3) of
the voltages and currents.
Step 5: Calculation of the output voltage swing and the region of operation
of the amplifier.
Definition 3.5.1. In order to calculate the impedance seen by a component,
denoted by Zcomponent , the said component is replaced by a voltage source of
value V delivering a current I and the voltage source vsource (t) is set to 0. An
expression for the current I as a function of the circuit components and V is
derived and the impedance is finally given by:
V
I
Remark. The small signal AC model of the MOSFET has been derived from
its static characteristic. A more realistic model would consider the parasitic
capacitive effects of the junctions. The complete small signal AC model of the
MOSFET is presented in figure 3.24. This model is not used in course EEE210.
The MOSFET’s output impedance Ro may however be used on occasion. Ro ,
which is ideally ∞, is in the order of a few kΩ and is measured by:
Zcomponent ,

Ro ,

dVDS
dID

(IDQ , VGSQ , VDSQ )

on the static characteristic of the MOSFET at the biasing point
(IDQ , VGSQ , VDSQ ) of the MOSFET.

70

CHAPTER 3. MOSFET

Figure 3.25:

Figure 3.26:

3.6

Common Source Amplifier

Consider the circuit of figure 3.25. The analysis is performed following the steps
detailed in section 3.5.
Step 1 – DC analysis: The MOSFET’s biasing circuit is shown in figure
3.26. If the MOSFET is biased in the active region then it is described by
the following system of equations:
2
ID = K VGS − Vt
VA R2
− RS ID
VGS =
R1 + R2
VDS = VA − (RS + RD )ID
The system usually admits two solutions. We assume that the circuit
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Figure 3.27:

components and parameters are such that the system admits a solution,
denoted by (ID0 , VGS0 , VDS0 ), for which the following inequalities are
satisfied:
VGS0 > Vt
VDS0 > VGS0 − Vt
Then (ID0 , VGS0 , VDS0 ) is the Q-point of the MOSFET and as assumed
it is biased in the active region. Its transconductance gain is given by:


gm = 2K VGS0 − Vt
If the circuit components and parameters are such that the MOSFET is
not biased in the active region, the circuit of figure 3.25 is not an amplifier
and steps 2 to 5 do not apply.
Step 2 – Sketch the AC model of the circuit:

Refer to figure 3.27.

Step 3 – AC analysis and amplifier’s AC characteristics:
AC voltages and currents calculation: Clearly we have:
vGS (t)
⇒ iD (t)
It follows that (refer to
ProblemesRevision.pdf):
vo (t)

=

io (t)

=

ii (t)

=

=
=

vi (t)
gm vi (t)

problem

#11

from

−gm (RD ||RL ) vi (t) = vDS (t)
RD
−gm vi (t)
RD + RL
vi (t)
R1 ||R2

the

document
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Calculation of the gains: The equations above readily give:
AV

=

AI

=

AP

=

−gm (RD ||RL )
 R

D
−gm
(R1 ||R2 )
RD + RL
g 2 (RD ||RL )2 (R1 ||R2 )
AI AV = m
RL

Calculation of the impedances: We easily find Zin = (R1 ||R2 ) and
Zout = RD .
Step 4 – Add the DC and AC components:
rent and voltages are:
ID (t)
VDS (t)

=
=

VGS (t)

=

The most important cur-

ID0 + gm vi (t)
VDS0 − gm (RD ||RL )vi (t)
VGS0 + vi (t)

Step 5 – Calculation of the voltage swing and region of operation:
The equations obtained in step 4 are substituted in the inequalities:
ID (t) > 0
VDS (t) > VGS (t) − Vt
VGS (t) > Vt
This leads to minimum and maximum values of vi (t). Additionally, for
low-distortion of the output signal we need:
|vGS (t)| = |vi (t)| ≪ VGS − Vt
but this last inequality does not prevent the circuit from operating as an
amplifier.
Characteristics of the common-source amplifier:
• The output is out of phase with the input (voltage gain is negative).
• The input impedance is very large (often desirable).
• The magnitude of the voltage gain maybe larger than 1 (often desirable).
• The output impedance is large (usually undesirable).
Example 3.6.1. Perform a complete analysis (steps 1 through 5) for the circuit
of figure 3.28.
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Figure 3.29:
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Figure 3.30:

Solution: The DC model is sketched in figure 3.29 and the Q-point is easily
found:
(ID = 14.847 mA; VGS = 6.808 V; VDS = 10.053 V)
and the MOSFET is clearly seen to be biased in the active region.3 The MOSFET’s corresponding transconductance gain is
gm = 2K(VGS − Vt )
= 6.8928 m℧.
Next the AC model of the circuit with the small signal AC model of the
MOSFET is sketched in figure 3.30. We easily obtain:
vGS (t)
iD (t)

=
=

vi (t)
(6.89 m℧) vi (t)

vo (t)

=
=

vDS (t)
−6.89 m℧ (0.57 kΩ||1.5 kΩ) vi (t)

=
ii (t)

=

io (t)

=

−2.85 vi (t)
vi (t)
vi (t)
=
= (10.05 µ℧)vi (t)
(240 kΩ||170 kΩ)
99.5 kΩ
vo (t)
−vi (t)
= −1.9 m℧ vi (t) =
1.5 kΩ
526 Ω

The gains and impedances are easily obtained:
AV
AI
AP
Zin
Zout
3 The

= −2.85
−1.9 m℧ vi (t)
io (t)
=
= −189
=
ii (t)
10.05 µ℧ vi (t)
Pout
= AV AI = 539
=
Pin
= 99.5 kΩ
= 570 Ω

other solution of the system of equations is:
(ID = 226.01 mA; VGS = −14.308 V; VDS = −39.06 V)

and it clearly violates the assumption that the MOSFET is in the active region.
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Figure 3.31:

The sum of the most important DC and AC components are shown on figure
3.31. In particular we have:
ID (t) = 14.8 mA + 6.89 m℧ vi (t)
VDS (t) = (11.48 V − 1.48 V) − 2.85 vi (t)
VGS (t) = 6.808 V + vi (t)
The voltage swing is obtained by solving the inequalities
ID (t) > 0
VDS (t) > VGS (t) − Vt = 4.308 V + vi (t)
VGS (t) > Vt = 2.5 V

which respectively lead to:
vi (t)
vi (t)
vi (t)

>
<
>


−2.148 V 
1.4922 V
⇒ −2.148 V < vi (t) < 1.4922 V

−4.308 V

Neglecting the amplifier’s distortion this would correspond to an output voltage
swing of −4.28 V < vo (t) < 6.13 V. For low-distortion operation of the amplifier
we additionally need |vGS (t)| = |vi (t)| ≪ 4.3 V, i.e. |vi (t)| / 0.43 V.

3.7

Common Drain Amplifier

Consider the circuit of figure 3.32. The analysis is performed following the steps
detailed in section 3.5.
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Figure 3.32:

Figure 3.33:

Step 1 – DC analysis: The MOSFET’s biasing circuit is shown in figure
3.33. If the MOSFET is biased in the active region then it is described by
the following system of equations:
ID

=

VGS

=

VDS

=

2
K VGS − Vt
VA R2
− RS ID
R1 + R2
VA − RS I D

The system usually admits two solutions. We assume that the circuit
components and parameters are such that the system admits a solution,
denoted by (ID0 , VGS0 , VDS0 ), for which the following inequalities are
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satisfied:
VGS0 > Vt
VDS0 > VGS0 − Vt
Then (ID0 , VGS0 , VDS0 ) is the Q-point of the MOSFET and as assumed
it is biased in the active region. Its transconductance gain is given by:
gm = 2K(VGS0 − Vt )
If the circuit components and parameters are such that the MOSFET is
not biased in the active region, the circuit is not an amplifier and steps 2
to 5 do not apply.
Step 2 – Sketch the AC model of the circuit:

Refer to figure 3.34.

Step 3 – AC analysis and amplifier’s AC characteristics:
AC voltages and currents calculation: Clearly we have (refer to
problems #12 and #13 from the document ProblemesRevision.pdf):
vGS (t)

=

vo (t)

=
=

vi (t) − vo (t)

iD (t)(RS ||RL )
gm vGS (t)(RS ||RL )

and it follows that:
vo (t)

=

iD (t)

=

vGS (t)

=

io (t)

=

ii (t)

=

gm (RS ||RL )
vi (t) = −vDS (t)
1 + gm (RS ||RL )
gm vi (t)
1 + gm (RS ||RL )
vi (t)
1 + gm (RS ||RL )

 R

gm
S
vi (t)
1 + gm (RS ||RL ) RS + RL
vi (t)
R1 ||R2

78

CHAPTER 3. MOSFET

Figure 3.35:

Calculation of the gains: The equations above readily give:
AV

=

AI

=

AP

=

gm (RS ||RL )
1 + gm (RS ||RL )
gm (RS ||RL )
R1 ||R2
×
1 + gm (RS ||RL )
RL
 g (R ||R ) 2  R ||R 
1
2
m
S
L
AI AV =
1 + gm (RS ||RL )
RL

Calculation of the impedances: We easily find Zin = (R1 ||R2 ). On
the other hand, Zout = VI in the circuit of figure 3.35 (refer to definition
3.5.1). We have:
I
vGS (t)
⇒I

V
− gm vGS (t)
RS
= −V
 1
V
1 
=
+ gm V = V
+
RS
RS
1/gm
=

and consequently Zout = RS || g1m .
Step 4 – Add the DC and AC components:
rent and voltages are:
ID (t)

=

VDS (t)

=

VGS (t)

=

The most important cur-

gm vi (t)
1 + gm (RS ||RL )
gm (RS ||RL )
vi (t)
VDS0 −
1 + gm (RS ||RL )
vi (t)
VGS0 +
1 + gm (RS ||RL )

ID0 +

Step 5 – Calculation of the voltage swing and region of operation:
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Figure 3.36:

The equations obtained in step 4 are substituted in the inequalities:
ID (t) > 0
VDS (t) > VGS (t) − Vt
VGS (t) > Vt
This leads to minimum and maximum values of vi (t). Additionally, for
low-distortion of the output signal we need:

|vGS (t)| ≪ VGS − Vt ⇒ |vi (t)| ≪ 1 + gm (RS ||RL ) (VGS − Vt )

Characteristics of the common-drain amplifier:

• The output is in phase with the input (voltage gain is positive).
• The input impedance is very large (often desirable).
• The voltage gain is smaller than 1.
• The output impedance is small (desirable) since 1/gm is in the order of a
few hundred ohms.
Example 3.7.1. Perform a complete analysis (steps 1 through 5) for the circuit
of figure 3.36.
Solution: The DC model is sketched in figure 3.37. One easily verifies that
the MOSFET is biased in the active region at the point (VGS = 1.645 V, ID =
7.139 mA, VDS = 6.645 V). Its transconductance gain is found to be gm =
16.90 m℧.
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Figure 3.37:

Figure 3.38:
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Figure 3.39:

Next the AC model of the circuit with the small signal AC model of the
MOSFET is sketched in figure 3.38. We easily obtain (refer to problem #12 in
the document ProblemesRevision.pdf):
vGS (t)

=

vo (t)

=

vi (t) − vo (t)

(16.9 m℧)(0.47 kΩ||5 kΩ)vGS (t)

from which:
vo (t)

=

0.879vi (t)

vGS (t)
iD (t)

=
=

0.121vi (t)
(16.9 m℧) vGS (t)

=
=

(2.05 m℧) vi (t)
vDS (t)
−vo (t) = −0.879vi (t)
vi (t)
ii (t) =
= (6.06 µ℧)vi (t)
165 kΩ
vi (t)
io (t) = 0.176 m℧ vi (t) =
5.69 kΩ
The gains and the input impedance follow immediately:
AV
AI
AP
Zin

vo (t)
= 0.879
vi (t)
io (t)
AV Zin
0.176 m℧ vi (t)
=
=
=
= 29.0
ii (t)
RL
6.06 µ℧ vi (t)
Pout
=
= AV AI = 25.5 > 1
Pin
⇒ this is an amplifier even though AV < 1
= 165 kΩ
=

For the output impedance we have Zout = VI in the circuit of figure 3.39. We
find (refer to problem #13 in the document ProblemesRevision.pdf):
I=

V
+ (16.9 m℧) V = V (2.13 m℧ + 16.9 m℧)
470 Ω

82

CHAPTER 3. MOSFET

Figure 3.40:

and consequently VI = Zout = 52.6 Ω.
The sum of the most important DC and AC components are shown on figure
3.40. In particular we have:
VGS (t)

=

1.64 V + 0.121 vi (t)

VDS (t)
ID (t)

=
=

6.64 V − 0.879 vi (t)
7.14 mA + 2.05 m℧ vi (t)

The voltage swing is obtained by solving the inequalities
ID (t) > 0
VDS (t) > VGS (t) − 0.8 V
VGS (t) > 0.8 V

which respectively lead to:
vi (t)
vi (t)
vi (t)

>
<
>


−3.483 V 
5.8 V
⇒ −3.483 V < vi (t) < 5.8 V

−6.942 V

For low-distortion operation of the amplifier we additionally need |vGS (t)| ≪
0.8 V ⇒ |vi (t)| ≪ 6.61 V, i.e. |vi (t)| / 0.66 V.
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Figure 3.41:

Figure 3.42:

3.8

P Channel MOSFET

The operation and fabrication of the P-channel MOSFET is similar to that of
the N-channel MOSFET. It suffices to interchange the types of doping as shown
in figure 3.41. Its static characteristic is obtained by connecting it as in figure
3.42. The static characteristic of a P-channel MOSFET is sketched in figure
3.43. It is very similar to that of an N-channel MOSFET; the differences are
listed in table 3.1. The equations and inequalities corresponding to each of
the regions of operations are then easily derived from those of the N-channel
MOSFET.

ID

N-Channel MOSFET
VDS positive
VGS positive
goes into the MOSFET through D
Vt positive

ID

Table 3.1:

P-Channel MOSFET
VSD positive
VSG positive
goes out of the MOSFET through D
−Vt = |Vt | positive
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Figure 3.43:
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Figure 3.44:

MOSFET is in the cut-off region:

if and only if VSG ≤ |Vt | and then

ID = IG = 0.
MOSFET is in the active region:
VSG − |Vt | and then:

if and only if VSG > |Vt | and VSD >

IG = 0
2
ID = K VSG − |Vt |
2
= K VSG + Vt

MOSFET is in the ohmic region:
VSG − |Vt | and then:

if and only if VSG > |Vt | and 0 ≤ VSD ≤

IG = 0



2
ID = K 2 VSG − |Vt | VSD − VSD



2
= K 2 VSG + Vt VSD − VSD

The (DC) biasing circuits are solved in exactly the same manner as those of
the N-channel MOSFET with the above equations and inequalities. The small
signal AC model of the P-channel MOSFET biased in the active region is shown
in figure 3.44, where
gm (VSG )

=

VSG
vSG (t)

≡
≡

dID
= 2K(VSG + Vt )
dVSG
DC value of VSG (t)
AC component of VSG (t)

Clearly we may rewrite vSG (t) = −vGS (t) and changing the polarity of the
voltages and the direction of the current source, the model of figure 3.44 is seen
to be equivalent to the model of figure 3.45. In other words, the small signal AC
model of the P-channel MOSFET is exactly the same as the small signal AC
model of the N-channel MOSFET. The only differences are in the DC analysis
of the circuit and the formula for the calculation of the transconductance gain.
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Figure 3.45:

3.9

Problems

1. Starting from the equation


2
ID = K 2(VGS − Vt )VDS − VDS

which describes the static characteristic of the N-channel enhancement
type MOSFET in the ohmic region, show that
ID = K(VGS − Vt )2
when the MOSFET is operating in the active region.
2. Show that the relationship between ID and VDS on the boundary between regions 1 (ohmic region) and 2 (active region) of an N-channel
MOSFET is given by:
2
ID = K VDS
3. Show that
gm (VGS ) =
Notice that ID = K VGS − Vt
region.

2

dID
dVGS

MOSFET in active

when the MOSFET is biased in the active

4. Consider the circuit of figure 3.46 in which we assume that capacitor C
is very large and vi (t) is a 0-DC AC signal (i.e. its average value is 0).
Use the superposition theorem to show that VG (t) = vi (t) − VB in steady
state.
5. Assuming that all JFETs are biased in the active region, sketch the simplified AC model of the circuits in figure 3.47 including the small signal
AC model of the JFETs.
Note: The small signal AC model of the JFET is the same as the small
signal AC model of the MOSFET.
6. Show that AI = AV

Zin
Rload .
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Figure 3.46:

7. Consider the circuit of figure 3.48 in which we assume that the JFET is
biased in the active region and we let gm denote its transconductance gain.
Obtain expressions for the voltage and current gains and the input and
output impedances as functions of the circuit components and gm . Show
that:
AV

=

−

gm (RD ||RC )
1 + gm RS1

AI

=

−

R1 ||R2 gm (RD ||RC )
RC
1 + gm RS1

Zin

=

R1 ||R2

Zout

=

RD

Note: The small signal AC model of the JFET is the same as the small
signal AC model of the MOSFET.
8. Consider the circuit of figure 3.49 in which we assume that the capacitors are very large. The parameters of the N-channel enhancement type
MOSFET are
Vt

=

1.5 V

K

=

0.125 mA/V2

Calculate the bias point of the MOSFET and show that it is biased in the
active region (notice that with this type of biasing the MOSFET cannot
be biased in the ohmic region). Calculate the AC characteristics of the
amplifier (gains and impedances). What configuration of amplifier is it
(common-source, common-drain, . . . )? Sketch the AC load line (ID versus VDS ) and estimate the output voltage swing and the range of input
voltage vi (t) over which the MOSFET operates in the active region.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.47:
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89

Figure 3.48:

Figure 3.49:
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Chapter 4

Bipolar Junction
Transistors
4.1

Generalities and Static Characteristic

A bipolar junction transistor (BJT) is a three-terminal electronic device with
the terminals identified as emitter (E), base (B) and collector (C) the static
characteristic of which is as shown in figure 4.3 or 4.40. There are two types:
NPN or PNP and their respective electrical symbols are shown in figure 4.1.
We most often use the NPN transistor as it performs better.1 The principles of
operation of the PNP transistor are similar to those of the NPN transistor and
the differences between the two types will be highlighted in section 4.9.
The static characteristic of an NPN transistor is obtained by connecting it
as shown in figure 4.2, and we obtain the family of curves shown figure 4.3
where 0 < I1 < I2 < I3 < I4 . IB can not be negative. The IB versus VBE
characteristic is presented in figure 4.4 and we notice that the latter is identical
1 the mobility of the negative carriers (electrons) is larger than that of the positive carriers
(holes).

(a) NPN BJT

(b) PNP BJT

Figure 4.1: Bipolar Junction Transistors
91
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Figure 4.2:

Figure 4.3:

Figure 4.4:
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to that of a PN junction diode:
IB

=

VT

=



IS eVBE /(nVT ) − 1
kT
q

where in general n = 1 and we recall that the thermal voltage VT ≈ 25.2 mV at
20◦ C. The four regions are called:
1
: cut-off region,
2
: active or linear region,
3
: saturation region,
4
: breakdown region.
We limit the analysis to 0 ≤ VCE ≤ VR and the transistor may consequently
operate in regions 1 , 2 or 3 only. The unitless parameter β, called static
current gain, completely specifies the static characteristic of the transistor.
We may approximate the static characteristic of a transistor (IC versus VCE
and IB versus VBE ) by
From the static characteristic of a transistor (IC versus VCE and IB versus
VBE ) we make the approximate observations:
1. the transistor is cut-off (region 1 in figure 4.3) if and only if
VBE < 0.7 V
2. the transistor is in the active region (region 2 in figure 4.3) if and only if
IB

>
>

VCE

0
0.2 V

3. the transistor is in the saturation region (region 3 in figure 4.3) if and
only if

0≤

IB

>0

IC

≤ βIB

Furthermore,
1. in the cut-off region we have IB = IC = IE = 0 and the transistor may be
modelled as in figure 4.5,
2. in the active region we have
IC

=

βIB

IE

=

IE

=

VBE

≈

(β + 1)IB
β+1
IC
β
0.7 V,
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Figure 4.5:

Figure 4.6:

3. in the saturation region we have
VBE
VCE

≈
≈

0.7 V
0.2 V

and the transistor may be modelled as in figure 4.6.
The model of figure 4.7 is a more accurate model of the NPN bipolar junction transistor. Although not required for most analysis, it is needed in some
circumstances and is frequently found in the literature; it is referred to as the
Ebers-Moll model of the transistor and we will not use it in the course.

Figure 4.7:
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Figure 4.8:

Figure 4.9:

Example 4.1.1. The static current gain of the transistor in the circuit of figure
4.8 is β = 100. Calculate its bias point.
Solution:
1. We first assume that the transistor is in the cut-off region. The equivalent
circuit (under this assumption) is shown in figure 4.9 and we immediately
obtain VCE = 15 V, VBE = 5 V. This contradicts the inequality VBE <
0.7 V required under the assumption that the transistor is in the cut-off
region. The transistor is therefore not in the cut-off region.
2. Next we assume that the transistor is biased in the active region. The
equivalent circuit (under this assumption) is shown in figure 4.10. The
equation that yields IB is:
1 kΩ × 101IB + 0.7 V

=

5V

4.3
mA
101

=

42.6 µA

⇒ IB =
We then find
IC
IE

=
=

4.26 mA
4.3 mA
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Figure 4.10:

Figure 4.11:

and

VC
VE

=
=

15 V
4.3 V



⇒ VCE = 10.7 V

Since both IB > 0 and VCE > 0.2 V the assumtion that the transistor
is in the active region is confirmed. The bias point of the transistor is
therefore:
(IB = 42.6 µA , IC = 4.26 mA , VCE = 10.7 V)

Example 4.1.2. The static current gain of the transistor in the circuit of figure
4.11 is β = 100. Calculate its bias point.
Solution:
1. We first assume that the transistor is in the cut-off region. The equivalent
circuit (under this assumption) is shown in figure 4.12 and we immediately
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Figure 4.12:

Figure 4.13:

obtain VCE = 15 V, VBE = 5 V. This contradicts the inequality VBE <
0.7 V required under the assumption that the transistor is in the cut-off
region. The transistor is therefore not in the cut-off region.
2. Next we assume that the transistor is biased in the active region. The
equivalent circuit (under this assumption) is shown in figure 4.13. The
equation that yields IB is:
1 kΩ × 101IB + 0.7 V

=

5V

4.3
mA
101

=

42.6 µA

⇒ IB =
We then find
IC
IE
and

VC
VE

=
=

=
=

4.26 mA
4.3 mA

(15 − 3 × 4.26) V
4.3 V



⇒ VCE = −2.08 V
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Figure 4.14:

This contradicts the inequality VCE > 0.2 V required under the assumption that the transistor is in the active region. The transistor is therefore
not in the active region.
3. Next we assume that the transistor is biased in the saturation region. The
equivalent circuit (under this assumption) is shown in figure 4.14. We then
have:
VB

= 5V

VE
VC

= 4.3 V ⇒ IE = 4.3 mA
= 4.5 V ⇒ IC = 3.5 mA

IB

= IE − IC = 0.8 mA

and since both IB > 0, 0 ≤ IC ≤ βIB then the transistor is indeed in the
saturation region. Its bias point is:
(IB = 0.8 mA , IC = 3.5 mA , VCE ≈ 0.2 V)

4.2

Fabrication of the NPN BJT

An NPN bipolar junction transistor is constructed by doping a block of semiconductor as shown in figure 4.15. There are two junctions. The base is of
smaller physical dimension than the other two terminals. The B-C and the B-E
connections each form a PN junction diode. In order to explain its principle
of operation, this block of semi-conductor is connected as in figure 4.16. If
VBE = 0 then the B-E connection is a diode in open-circuit. The negative
carriers of the collector are pulled toward the metallic contact by the polarity of
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Figure 4.15:

Figure 4.16:

VCE resulting in a region depleted of carriers around both junctions. We then
have IB = IC = 0; this is the cut-off region of the transistor.
When VBE > 0.7 V the depletion region at junction 1 disapears and the
carriers may flow from B to E resulting in a current IB > 0. Since the base
is made physically small, many of the flowing carriers are forced near junction
2 . There is nonetheless a small depletion region around junction 2 and the
carriers are not free to cross the junction. With a small voltage of approximately
0.2 V supplied by VCE the collector is pushed into breakdown and the minority
carriers can then jump the potential barrier across junction 2 thus generating
a current IC > 0. This current may however not increase indefinitely because
it is limited by the density of free carriers in the base that are forced near
junction 2 . IC is much larger than IB which is limited by the small dimension
of the base. It is found that IC ∝ IB when VCE > 0.2V . The proportionality
constant is the static current gain β which is function of the concentration of
the dopings as well as the physical dimensions of the base, emitter, collector. β
is also function of the temperature.

4.3

Small Signal AC Model of the BJT

Consider as NPN transistor biased in the active region (IB > 0 and VCE > 0.2
V) as shown in figure 4.17. We focus on the behaviour of the transistor when
IB is a function of time denoted as IB (t). All of VBE , IC , IE , VCE also become
functions of time. In the remainder of this section we assume that the transistor
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Figure 4.17:

remains in the active region at all time:
IB (t)
VCE (t)

>
>

0, ∀t
0.2 V, ∀t

The conditions under which the assumption is verified will be detailed later. We
may then write:


IB (t) = IS eVBE (t)/(nVT ) − 1 .

Since IB (t) > 0, ∀t then its average value (DC value) is positive and we denote
it by IB . We then write the AC component as iB (t) = IB (t) − IB . Similarly we
write VBE (t) = VBE + vBE (t) where VBE , vBE (t) are respectively the DC and
AC components of VBE (t). We notice that:
VBE (t)

=
=
≈




IB (t)
nVT ln
+1
IS

 i (t) 
IB
B
nVT ln
+1 +
IS
IS


nVT iB (t)
IB
nVT ln
+ 1 + IB
IS
+ 1 IS
{z
} |IS {z
|
}
DC component

=

VBE

(4.1)
(4.2)

AC component

nVT
+
iB (t)
IB + IS

In the above (4.2) follows from (4.1) by taking a Taylor series expansion around
iB (t) = 0 and keeping the first two terms, assuming that iB (t) is small compared
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to IB (|iB (t)| ≪ IB ).2 Finally, since in general IS ≪ IB , we obtain:
VBE (t)

=

VBE

≈

vBE (t)

≈

VBE + vBE (t)

I
B
+1
nVT ln
IS
nVT
iB (t)
IB

(4.3)

IC (t) may therefore be written as:
IC (t)

=
=

βIB (t)
βIB + βiB (t)
βIB
βIB +
vBE (t)
nVT

=

when |vBE (t)| ≪ nVT (⇔ |iB (t)| ≪ IB ). In this expression we easily identify
βIB
βIB
vBE (t)
nVT

=

IC ≡ DC component of IC (t)

=

iC (t) ≡ AC component of IC (t)

We will write
vBE (t)

=

iC (t)

=

hie iB (t)
vBE (t)
β
hie

where hie is a parameter that depends on the bias current:
hie =

nVT
IB

We therefore have:
• The DC component of IC (t) is calculated by first ignoring the AC component of VBE (t) (or equivalently the DC component of IB (t)). This
calculation is based exclusively on the static characteristic of the transistor in the active region: IC = βIB . All AC sources are set to 0 in this
analysis.
• The AC component of IC (t) is directly proportional to vBE (t) (or equivalently the AC component of iB (t)). It is however also a function of the
DC component of IB (t) through the parameter hie :
iC (t) =

βvBE (t)
hie (IB )

It is calculated by setting all DC sources to 0 (after the DC bias current
IB has been obtained).
2 Easy

to verify with MAPLE.
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Figure 4.18:

Figure 4.19:

As was the case for the FET biased in pinch-off, the DC and AC analysis are
performed separately. The resulting overall voltages and currents in the circuits
are obtained by summing the corresponding DC and AC components.
Remark. The DC analysis must be performed first because the DC bias base
current IB is required to calculate the parameter hie used in the AC analysis.
Example 4.3.1. The transistor in the circuit of figure 4.18 is at room temperature (20◦ C), its static current gain is β = 100, the empirical parameter n = 1
and the capacitors are considered to be sufficiently large so that they appear as
short-circuits to AC components and open-circuits to DC components. We also
assume that vi (t) is an AC signal, small enough so that |vBE (t)| ≪ nVT at all
time. Calculate all currents and voltages in the circuit as functions of vi (t).
Solution: If the transistor is in the active region then (as explained above) the
DC and AC analysis may be performed separately. The DC biasing circuit is
redrawn in figure 4.19, and we have seen (refer to problem 1) that it biases the
transistor in the active region at the point:
(IB = 48.4 µA, IC = 4.84 mA, VCE = 6.67 V)
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Figure 4.20:

The DC circuit (with capacitors replaced by open-circuits) is shown in figure
4.20 and the following DC voltages and DC currents are easily obtained:
Vi
Vo
VB
IC

=
=
=
=

0
0
1.78 V
4.84 mA

Ii
Io
VE
IB

=
=
=
=

0
0
1.08 V
48.4 µA

VC
IE

=
=

7.75 V
4.89 mA

mV
We then obtain hie ≈ 25.2
48.4 µA = 521 Ω and we may start the AC analysis.
By setting all DC sources to 0 and replacing the capacitors by short-circuits
we obtain the circuit of figure 4.21 in which iB (t) = vBE (t)/521 Ω and iC (t) =
100iB (t). We easily find:

vE (t) = 0 ⇒ vBE (t) = vi (t) ⇒ iB (t) =

vi (t)
521 Ω

It follows that:
vo (t)

=
=

vB (t)

=

iC (t)

=

ii (t)

=

io (t)

=

iE (t)

=

vC (t)
100(4 kΩ||1.5 kΩ)
vi (t) = −209 vi (t)
−
521 Ω
vi (t)
100
vi (t)
vi (t) =
521 Ω
5.21 Ω
vi (t)
vi (t)
=
(521 Ω||100 kΩ||200 kΩ)
517 Ω
−vi (t)
−209
vi (t) =
4 kΩ
19.1 Ω
101
vi (t)
vi (t) =
521 Ω
5.16 Ω
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Figure 4.21:

Finally by adding the DC and the AC components we obtain:

Vi (t)

=

vi (t)
= ii (t)
517 Ω
vi (t)
48.4 µA +
521 Ω
vi (t)
4.89 mA +
5.16 Ω
vi (t)
4.84 mA +
5.21 Ω
−vi (t)
= io (t)
19.1 Ω
vi (t)

VB (t)
VE (t)

=
=

1.78 V + vi (t)
1.08 V = VE

VC (t)
Vo (t)

=
=

7.75 V − 209vi (t)
−209vi (t) = vo (t)

Ii (t)

=

IB (t)

=

IE (t)

=

IC (t)

=

Io (t)

=

which are the important voltages and currents in the circuit of figure 4.18.
We then notice that the equations:
iB (t)

=

iC (t)

=

vBE (t)
hie
βiB (t)

obtained above for the AC analysis lead directly to the model of figure 4.22
which is called small signal AC model of the NPN BJT biased in the active
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Figure 4.22:

Figure 4.23:

region and where hie (IB ) = nVT /IB .
In summary
1. If a transistor is biased in the active region with |vBE (t)| ≪ nVT then
• the DC components of the currents and voltages in the circuit may
be calculated by ignoring all AC components and sources,
• the AC components of the currents and voltages in the circuit may
be calculated by ignoring all DC sources.
2. For the DC components, the transistor (in the active region) behaves as
shown in figure 4.23 with
IC

=

βIB

IE

=

IC

=

IB

=

(β + 1)IB
β
IE
β+1


IS eVBE /(nVT ) − 1 , VBE ≈ 0.7 V

3. For the AC components, the transistor (biased in the active region with
|VBE (t)| ≪ nVT ) behaves as shown in figure 4.24 with
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Figure 4.24:

4.4

iC (t)

=

βiB (t)

iE (t)

=

iC (t)

=

iB (t)

=

hie

=

IB

≡

(β + 1)iB (t)
β
iE (t)
(β + 1)
vBE (t)
hie
nVT
IB
DC component of IB (t)

Power Amplifier

Power Amplifer:
Example 4.3.1 of the previous section illustrates that the
transistor may be used to amplify an electrical signal. Indeed we have found:
Ii (t) = ii (t)

=

vi (t)
517 Ω

⇒ Pin (t) = 1.93 m℧ vi2 (t)
and
Io (t) = io (t)

=

Vo (t) = vo (t)

=

⇒ Pout (t)

=

−vi (t)
19.1 Ω
−209vi (t)

10.9 ℧ vi2 (t)

This gives approximately Pout (t) ≈ 5650Pin (t), thus confirming that the circuit
is a power amplifier (as was the case for the FET amplifiers, the power delivered
to the load is supplied by the 15 V DC voltage source).
Voltage Swing:
In the examples of section 4.3 and the beginning of section
4.4 it has been assumed that the transistor remains in the active region at all
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time and that |vBE (t)| ≪ nVT , ∀t. We recall that the active region is determined
by the conditions:
0.2 V <
0 <

VCE (t), ∀t
IB (t), ∀t

These inequalities are now used to determine the region of validity of the analysis
and the range of input voltages vi (t) over which the circuit operates as a power
amplifier.
Example 4.4.1. In example 4.3.1 we have found
IC (t)
VCE (t)

=
=

4.84 mA + 0.192 ℧ vi (t)
6.67 V − 209 vi (t)

The condition “the transistor is in the active region at all time” maybe simply
restated as
0.2 V < VCE (t) < 12.0 V, ∀t.
Equivalently we have:
−25.5 mV < vi (t) < 31.0 mV
or
−6.47 V < vo (t) < 5.33 V
This very simple expression determines the region of validity of the analysis and
the region of operation of the amplifier. If we attempt to exceed these limits,
the transistor moves out of the active region and the output will then likely
become clipped.
Remark. The condition |vBE (t)| ≪ nVT does not affect the region of operation of
the amplifier. If the condition is not verified the output then becomes distorted.
The region of validity of the analysis is not affected by this.
In the following section we present biasing circuit that give a stable Q-point,
i.e. one that is almost insensitive to changes in the transistor parameters. In
the next sections we then analyze some specific amplifier configurations. The
method of analysis is as follows (for the design of an amplifier the steps are
usually followed in reverse order).
Step 1: Calculation of the circuit’s DC voltages and currents and calculation
of the biasing point of the transistor. This serves 2 purposes:
• Verify that the transistor is biased in the active region.

• Calculate the parameter hie = nVT /IB (n = 1 most of the time).
Step 2: Sketch the AC model of the circuit, including the small signal AC
model of the transistor.
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Figure 4.25:

Step 3: Calculation of the circuit’s AC voltages and currents and calculation
of the amplifier’s (AC) characteristics:
• Voltage Gain: AV ,

vo (t)
vi (t) ,

• Current Gain: AI ,

io (t)
ii (t) ,

• Power Gain: AP ,

vo (t)io (t)
vi (t)ii (t)

= AV AI ,

• Input Impedance: Zin , impedance seen by the source,

• Output Impedance: Zout , impedance seen by the load.
Step 4: Add the DC components (Step 1) and AC components (Step 3) of
the voltages and currents.
Step 5: Calculation of the output voltage swing and the region of operation
of the amplifier.
Remark. The small signal AC model of the transistor has been derived from
its static characteristic. A more rigorous derivation takes into consideration
certain parasitic capacitive effects that result from the accumulation of charges
in the junctions. The complete small signal AC model of the transistor is presented in figure 4.25. At medium frequencies, the very small parasitic capacitors
CBC , CBE behave like open-circuits and maybe removed. This leads to the hparameters small signal AC model of the BJT in the active region shown in
figure 4.26. The parameters are defined as:
hie ≡ input impedance of the transistor expressed in [Ω] (practically a few
kΩ),
hf e ≡ unitless (dynamic) current gain (practically about 10 to 104 ),
hre ≡ output conductance of the transistor expressed in [℧] (practically in the
order of 10−5 ℧),
hoe ≡ unitless feedback voltage gain (practically in the order of 10−5 to 10−4 ).
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Figure 4.26:

We recognize that the model that has been derived in section 4.3 is a simplified
version of the h-parameter AC model since in practice we have:
hre
hf e

≈
≈

hoe ≈ 0
β, hie ≈ nVT /IB

In course EEE210 we use this simplified version of the h-parameter model, but
we may in occasion the parameter hoe . hoe may be estimated on the transistor’s
static characteristic by:
hoe =

4.5

dIC
dVCE

Q=(IB =IBQ , IC =ICQ , VCE =VCEQ )

Biasing in the Active Region

We present a few circuits that may be used to bias a transistor in the active
region. The ideal circuit should be as simple as possible while ensuring that the
Q-point is insensitive to variations of the parameters of the transistor.
Biasing with two voltage sources:
The circuit is shown in figure 4.27
and, assuming for now that the transistor is in the active region, IB is given by:
RE (β + 1)IB + 0.7 V + RB IB
VB − 0.7 V
⇒ IB =
RB + (β + 1)RE

=

VB

It follows that
VCE = VA − RC βIB − RE (β + 1)IB
The components must then be chosen in such a way that IB > 0 and VCE >
0.2 V so that the initial assumption is valid. VCE may then be written as:
!
!
VB − 0.7 V
VB − 0.7 V
−
(4.4)
VCE = VA − R +(β+1)R
RB
B
E
1 + (β+1)R
E
βR
C
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Figure 4.27:

If moreover β ≫ 1 and the components are chosen such that RB ≪ βRE
then VCE becomes almost independent of β. This is desirable because then a
change in the value of β, by replacement of the transistor or by a change in
the temperature, has only a small influence on the biasing point. Under these
conditions (IB > 0, VCE > 0.2 V, β ≫ 1 and RB ≪ βRE ), equation 4.4 maybe
approximated as:

RC 
VA − VCE ≈ (VB − 0.7 V) 1 +
RE

This last expression is very useful for the design of biasing circuits. In order to
keep the Q-point insensitive to variations of the parameters of the transistors
we also choose VB ≫ 0.7 V. In practice VB ' 2 V is sufficient and VB is often
chosen to be in the range of values from VA /4 to VA /3 (as long as VA /3 ≫ 0.7 V).

Biasing with a single voltage source: Consider the circuit of figure 4.28.
By applying Thévenin’s equivalent theorem to the circuit on the left (and connected on) the base of the transistor we obtain the circuit of figure 4.29, where
RB

=

(R1 ||R2 )

VB

=

VA

R2
R1 +R2

= VA

R1 ||R2
R1

VA RB
VB

R1

=

R2

= RB ||(−R1 )

=⇒

and we recognize the biasing circuit of the previous paragraph. In practice we
use the biasing circuit of figure 4.28 because it uses a single power supply. On
the other hand, the analysis is more easily done with the equivalent circuit of
figure 4.29.

4.6

Common Emitter Amplifier

Consider the circuit of figure 4.30. The analysis is performed by following the
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Figure 4.28:

Figure 4.29:
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Figure 4.30:

steps detailed at section 4.4.
DC analysis: The DC biasing circuit is presented in figure 4.31. Assuming
that the transistor is in the active region we have:
VA R 2
R1 + R2
IC

=

βIB

VCE

=



β+1
RE
VA − I C R C +
β

=


IB (β + 1)RE + (R1 ||R2 ) + 0.7 V

The transistor is then in the active region if the components are chosen in
such a way that the above equations give IB > 0 and VCE > 0.2 V. In the
following we assume that this is the case. One would then easily calculate:
VB ≡DC component of VB (t)
Vo ≡DC component of Vo (t)
VC ≡DC component of VC (t)
Io ≡DC component of Io (t)
VE ≡DC component of VE (t)
Ii ≡DC component of Ii (t)
IC ≡DC component of IC (t)
and finally the parameter hie = nVT /IB that is required in the next steps.
AC model of the circuit: By setting the DC sources to 0 and replacing the
capacitors by short-circuits we obtain the circuit of figure 4.32. Next,
replacing the transistor by its small signal AC model in the circuit of
figure 4.32 we obtain the circuit of figure 4.33.
AC analysis:

We easily find (refer to problem #16 from the document

4.6. COMMON EMITTER AMPLIFIER

Figure 4.31:

Figure 4.32:

Figure 4.33:
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ProblemesRevision.pdf):
vo (t)

=
=

−βiB (t)(RC ||RL )
(RC ||RL )
vi (t)
−β
hie

which implies that AV = −β(RC ||RL )/hie . Also we clearly have (refer to
problem #17 from the document ProblemesRevision.pdf):
Zi
Zo
AI

= (R1 ||R2 ||hie )
= RC
AV Zi
=
RL

Sum the DC and AC components:
that:

It follows from the previous steps

VB (t)

=

VB + vi (t)

VC (t)

=

VC − vi (t)

VE (t)

=

VE

Vo (t)

=

vo (t) = −vi (t)

Ii (t)

=

Io (t)

=

IC (t)

=

β(RC ||RL )
hie
β(RC ||RL )
hie

vi (t)
Zi
io (t) = AI ii (t)
β
IC + vi (t)
hie
ii (t) =

Characteristics:
• Very large voltage gain (in absolute value): useful.
• Large output impedance: undesirable.
• Medium large input impedance.

4.7

Common Collector Amplifier

It is also referred to as the emitter follower amplifier. Consider the circuit of
figure 4.34. The analysis is performed by following the steps detailed at section
4.4.
DC analysis:

Assuming that the transistor is in the active region we have:

VA R 2
= IB (β + 1)RE + (R1 ||R2 ) + 0.7 V
R1 + R2
IC = βIB
β + 1

VCE = VA − IC
RE
β
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Figure 4.34:

Figure 4.35:

The transistor is then in the active region if the components are chosen in
such a way that the above equations give IB > 0 and VCE > 0.2 V. In the
following we assume that this is the case. One would then easily calculate:
VB ≡DC component of VB (t)
Vo ≡DC component of Vo (t)
VC ≡DC component of VC (t)
Io ≡DC component of Io (t)
VE ≡DC component of VE (t)
Ii ≡DC component of Ii (t)
IC ≡DC component of IC (t)
and finally the parameter hie = nVT /IB that is required in the next steps.
AC model of the circuit: By setting the DC sources to 0 and replacing the
capacitors by short-circuits we obtain the circuit of figure 4.35. Next,
replacing the transistor by its small signal AC model in the circuit of
figure 4.35 we obtain the circuit of figure 4.36.
AC analysis:

We easily find (refer to problem #18 from the document

116

CHAPTER 4. BIPOLAR JUNCTION TRANSISTORS

Figure 4.36:

ProblemesRevision.pdf):
= (β + 1)iB (t)(RE ||RL )
vi (t) − vo (t)
=
hie

vo (t)
iB (t)
which implies that
AV =

vo (t)
(β + 1)(RE ||RL )
=
<1
vi (t)
hie + (β + 1)(RE ||RL )

For the input impedance we have:
vi (t) vi (t) vi (t) − vo (t)
+
+
R1
R2
hie

ii (t) =

Recognizing that in the circuit we have vo (t) = AV vi (t), we may write
ii (t) =

vi (t) vi (t) vi (t)(1 − AV )
+
+
R1
R2
hie

and since
1 − AV =
we obtain:

hie
hie + (β + 1)(RE ||RL )

Zin = R1 ||R2 ||(hie + (β + 1)(RE ||RL ))



For the output impedance, we consider the circuit of figure 4.37. Clearly
(refer to problem #19 from the document ProblemesRevision.pdf):
I=

V
βV
V
+
+
RE
hie + (R1 ||R2 ||Rsource ) hie + (R1 ||R2 ||Rsource )

and consequently,
zout = RE
Finally, AI = AV Zin /RL .


 h + (R ||R ||R
ie
1
2
source )
β+1
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Figure 4.37:

Sum the DC and AC components:
that:

It follows from the previous steps

VB (t)
VC (t)

=
=

VB + vi (t)
VC

VE (t)
Vo (t)

=
=

Ii (t)

=

Io (t)

=

IC (t)

=

VE + AV vi (t)
vo (t) = AV vi (t)
vi (t)
ii (t) =
Zin
io (t) = AI ii (t)
βvi (t)
β(1 − AV )
= IC +
IC + vi (t)
hie
hie + (β + 1)(RE ||RL )

Characteristics:
• Small output impedance: desirable.
• Large input impedance: desirable.
• Small (positive) voltage gain (less than 1): undesirable.

4.8

Common Base Amplifier

Consider the circuit of figure 4.38. If the transistor is biased in the active region,
the parameters/characteristics of the amplifier are (refer to problems #20 and
#21 from the document ProblemesRevision.pdf):
AV

=

Zin

=

Zout

=

β
(RC ||RL )
hie
hie 
RE
β+1
RC
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Figure 4.38:

Figure 4.39:

The details of the analysis are left as an exercise (problem 4).
Characteristics:
• Very large voltage gain (positive): useful.
• Large output impedance: undesirable.
• very small input impedance (undesirable).

4.9

PNP Bipolar Junction Transistor

The PNP bipolar junction transistor operates under the same principles as the
NPN transistor. When connected as in figure 4.39, the static characteristic of
figure 4.40 is obtained. The IB versus VEB chracteristic is shown in figure 4.41.
The characteristics are very similar to those of the NPN transistor. By simply
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Figure 4.40:

Figure 4.41:
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Figure 4.42:

Figure 4.43:

reversing the current directions and interchanging the subscripts in the voltages,
all equations and inequalities remain the same as those of the NPN transistor.
The simplified small signal AC model of the PNP transistor in the active
region is shown in figure 4.42 and is equivalent to the AC model of the NPN
transistor reproduced in figure 4.43. As for the NPN transistor we have:
hie

≈

hf e

≈

nVT
IB
β

where IB is the DC component of the base current.

4.10

Amplifier Configurations Summary

The three main configurations of NPN transistor amplifiers and their small
signal AC models are sketched below:
• common emitter in figure 4.44(a),
• common collector (aka emitter-follower) in figure 4.45(a),
• common base in figure 4.46(a).

4.10. AMPLIFIER CONFIGURATIONS SUMMARY

(a) Circuit

(b) AC model

Figure 4.44: Common Emitter Amplifier
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(a) Circuit

(b) AC model

Figure 4.45: Common Collector Amplifier (Emitter Follower)

4.10. AMPLIFIER CONFIGURATIONS SUMMARY

(a) Circuit

(b) AC model

Figure 4.46: Common Base Amplifier
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Problems

1. The static current gain of the transistors in the circuits of figure 4.47 is
β = 100. Calculate their biasing point.
Suggestion: Replace the circuit to the left of the base of the transistor
by its Thévenin equivalent.
2. Obtain an expression for parameter gm in the model of figure 4.48, so that
it is equivalent to the simplified h-parameter AC model of figure 4.49.
3. We are required to bias an NPN transistor with collector-emitter voltage
VCE = 9 V in order to build an amplifier. The manufacturer specifies that
the typical current gain value is β = 100 but that it varies considerably
with temperature. In order to achieve the desired voltage gain the collector
resistor RC must be RC = 2 kΩ. The available power supply is 20 V.
Design a single supply bias circuit using four resistors and specify the
resistor values.
4. Perform a complete analysis of the common-base amplifier of section 4.8.
5. Consider the circuit of figure 4.50 in which the capacitors are assumed
to be very large. The static current gain of the PNP transistor is β =
100 and the empirical parameter n = 2. Calculate the DC biasing point
of the transistor and show that it is biased in the active region. What
configuration of amplifier is this (common emitter, common collector, ...)?
Calculate the characteristics of the amplifier (AV , Zin , . . .). Sketch the
AC load line and calculate the region of operation of the amplifier and its
output voltage swing.
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(a)

(b)

(c)

Figure 4.47:

Figure 4.48:

Figure 4.49:
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Figure 4.50:

Chapter 5

Digital (Logic) Circuits
In this chapter we briefly analyze three families of logic circuits: RTL and
CMOS. The main parameters characterizing them are defined. Even though
these parameters apply to all logic families, each one is introduced within the
study of the logic family best suited to explain it.

5.1

RTL Family

Consider the circuit of figure 5.1. We next calculate its input-output characteristic when Vi > 0. Three cases are distinguished:
Transistor is cut-off: In this case we have the equivalent circuit of figure 5.2
where as indicated Vo = VA and the transistor is in cut-off if and only if
VBE = Vi < 0.7 V, i.e. if and only if 0 ≤ Vi ≤ 0.7 V.
Transistor is active:
and clearly

In this case we have the equivalent circuit of figure 5.3

Figure 5.1:
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Figure 5.2:

Figure 5.3:

IB

=

IC

=

VC

=

Vi − 0.7 V
RB

β
Vi − 0.7 V
RB

βRC
Vi − 0.7 V
Vo = VA −
RB

The transistor is in the active region if and only if IB > 0 and VCE > 0.2 V
and using the above equations, these inequalities are clearly equivalent to
Vi

>

0.2 V <

0.7 V
VCE = Vo = VA −


βRC
Vi − 0.7 V
RB

The transistor is therefore in the active region if and only if
0.7 V < Vi <
Transistor is saturated:
5.4 and clearly


RB
VA − 0.2 V + 0.7 V
βRC

In this case we have the equivalent circuit of figure

5.1. RTL FAMILY
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Figure 5.4:

IB

=

IC

=

Vi − 0.7 V
RB
VA − 0.2 V
RC

The transistor is in the saturation region if and only if IB > 0 and IC <
βIB and using the above equations, these inequalities are clearly equivalent
to
Vi

>

Vi

>

0.7 V

RB
VA − 0.2 V + 0.7 V
βRC

The transistor is therefore in the active region if and only if
Vi >


RB
VA − 0.2 V + 0.7 V
βRC

The three cases above are summarized by the (static) input-output characteristic
shown in figure 5.5. The set of positive voltages R+ is partitioned in two logic
levels as follows:
1
0

↔

↔

{x ∈ R+ : x > 1 V}

{x ∈ R+ : x < 0.7 V}

The preceding circuit (with RB ≪ RC ) consequently performs the Boolean
function:
Vi = 0 →
7
Vi = 1 →
7
and we recognize the logical inversion.

Vo = 1
Vo = 0
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Figure 5.5:

Definition 5.1.1.
1. The fan-in is the number of inputs of a logic gate.
2. The fan-out is the maximum number of gates that may be connected at
the output of a given logic gate without affecting its normal behaviour.
Example 5.1.1. Calculate the fan-in and fan-out of the RTL inverter of figure
5.1.
Solution: Obviously the fan-in is 1. For the fan-out we consider the cases where
Vi = 1 and Vi = 0.
Case 1 (When Vi = 1). The equivalent circuit is shown in figure 5.6 and we see
that Vo will always remain at 0.2 V (i.e. a logical 0 as it should) no matter how
many inverters are connected at the output. Therefore N1 → ∞.
Case 2 (When Vi = 0). The equivalent circuit is shown in figure 5.7 and we see
that, in the normal behaviour (Vo = 1), the transistors of the gates connected
on Vo will all saturate. The current drawn by the gates and flowing through RC
however is given by:
VA − 0.7 V
RC + RB /N
and the voltage at Vo is therefore
Vo =

VA − 0.7 V
RB + 0.7 V
N RC + RB

5.1. RTL FAMILY

131

Figure 5.6:

If N becomes too large then Vo drops below 1 V and is no longer perceived as a
logical 1. The largest number N0 of gates that may be connected at the output
of the inverter when Vi = 0 is given by:
VA − 0.7 V
RB + 0.7 V = 1 V
N0 R C + R B
and this gives:
N0 =

RB (VA − 1 V)
0.3 V RC

The fan-out of the inverter is therefore:
min(N0 , N1 ) = N0 =

RB  VA − 1 V 
RC
0.3 V

Definition 5.1.2. The propagation delay is the time interval between a change
of state at the input of a logic gate and the corresponding change of state at
the output of the logic gate.
A typical RTL inverter would produce the waveforms shown in figure 5.8.
Manufacturers use the symbols tpLH , tpHL to denote the delays in transitions
from low to high or high to low. Specifically,
• tpLH is the transition time of the output from digital 0 to one half of
digital 1 (low to high).
• tpHL is the transition time of the output from digital 1 to one half of
digital 0 (high to low).
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Figure 5.7:

Those values can be found in the data sheets supplied by the manufacturer
of logic gates. The delays are caused by the accumulation of charges at the
junctions of the transistors. The accumulation of charges behave like parasitic
capacitances and introduce some time constants. The input stage of an RTL
inverter may be modelled by the equivalent circuit shown in figure 5.9. We
notice that the delays can be made smaller by decreasing the resistor RB but
this, on the other hand, causes an increase in the power consumption of the
circuit when the input is a logic 1 and it reduces the fan-out.
The fundamental logic gate of the RTL family is the NOR gate shown in
figure 5.10. Typical values of the components are
VA

=

3V

RB
RC

=
=

450 Ω
640 Ω

5.1. RTL FAMILY
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Figure 5.8:

Figure 5.9:
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Figure 5.10:

5.2. CMOS LOGIC FAMILY

5.2
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CMOS Logic Family

CMOS stands for Complementary Metal Oxide Semiconductor and is so called
because each gates is made of N and P channels enhancement type MOSFETs
connected in a complementary fashion.
Each CMOS logic gate contains multiple MOSFETs. We first start with an
intuitive analysis of the simpler N-channel MOSFET inverter (NMOS inverter)
and the P-channel MOSFET inverter (PMOS) which contain a single MOSFET.
NMOS inverter: Consider the following circuit:

Clearly
VGS = Vi
VDS = Vo = VA − RD ID
The region of operation of the MOSFET depends of VGS , VDS and is
intuitively summarized in the table below:
VGS small
cutoff

VDS small
ohmic

VGS large
VDS large
active (pinch off)

In terms of Vi , Vo this becomes:
Vi small
cutoff

Vo small
ohmic

Vi large
Vo large
active (pinch off)

where the values big and small refer to the following:
Vi small
Vi large
Vo small
Vo large

←→
←→

←→
←→

Vi < Vt
Vi > Vt
Vo = VDS < VGS − Vt = Vi − Vt
Vo > Vi − Vt
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These inequalities partition the first quadrant of the plane (Vi , Vo ) as
follows:

As Vi increases, we notice that
1. when Vi < Vt the MOSFET is in cutoff and Vo = VA ,
2. when Vi ' Vt the MOSFET is active (pinch off), ID = K Vi − Vt
increases and Vo = VA − RD ID decreases,

2

3. as Vi further increases Vo drops below theline Vo = Vi − Vt and
 the

2
MOSFET is in the ohmic region. ID = K 2 Vi − Vt Vo − Vo keeps
increasing and Vo becomes increasingly smaller.

The Vo versus Vi characteristic has the form shown below

and the circuit is clearly a logic inverter gate.
PMOS inverter: Consider the following circuit:
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Clearly
VSG = VA − Vi

VSD = VA − Vo = VA − RD ID
The region of operation of the MOSFET depends of VSG , VSD and is
intuitively summarized in the table below:
VSG small
VSD small
ohmic

cutoff

VSG large
VSD large
active (pinch off)

where the values big and small refer to the following:
VSG small

←→

VSD large

←→

VSG = VA − Vi < |Vt |
⇔ Vi > VA − |Vt | i.e. Vi large

VSD = VA − Vo > VSG − |Vt | = VA − Vi − |Vt |
⇔ Vo < Vi + |Vt | i.e. Vo small

In terms of Vi , Vo the above table becomes:
Vi large
cutoff

Vo large
ohmic

Vi small
Vo small
active (pinch off)

where
Vi small
Vi large
Vo small
Vo large

←→

←→
←→
←→

Vi < VA − |Vt |

Vi > VA − |Vt |
Vo < Vi + |Vt |

Vo > Vi + |Vt |

These inequalities partition the first quadrant of the plane (Vi , Vo ) as
follows:
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As Vi decreases, we notice that
1. when Vi > VA − |Vt | the MOSFET is in cutoff and Vo = 0,

2. when Vi / VA −|Vt | the MOSFET is active (pinch off), ID = K VA −
2
Vi − |Vt | increases and Vo = RD ID increases,

3. as Vi further decreases Vo increases above theline Vo = Vi + |Vt | and

the MOSFET is in the ohmic region. ID = K 2 VA − Vi − |Vt | (VA −

Vo )−(VA −Vo )2 keeps increasing and Vo becomes increasingly larger.

The Vo versus Vi characteristic has the form shown below

and the circuit is clearly a logic inverter gate.
CMOS inverter: Consider the following circuit which combines the NMOS
and PMOS inverters:

5.2. CMOS LOGIC FAMILY
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Its analysis relies on finding the region of operation of the FETs for given values of Vi and this follows directly from the analysis of the NMOS and PMOS
inverters. We first intuitively show that the Vo versus Vi characteristic has the
form shown below

and the circuit is clearly a logic inverter gate. When Vi is sufficiently large or
sufficiently small one of the FETs is cutoff and the other one is ohmic. This
results on much lower power consumption than that of the PMOS or NMOS
inverters. The circuit contains FETs only (no resistors) and this simplifies its
fabrication.
The input-output transfer characteristic of the circuit is obtained by first
noticing that:
VGS1

=

Vi

VSG2

=

VA − Vi

and thus:
Vi < Vt
Vi > VA − Vt

⇒
⇒

Q1 is cut-off
Q2 is cut-off
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Given that VA > 2Vt we then have:
Vi < Vt ⇒ Q1 is cut-off

⇒ VSG2 = VA − Vi > 2Vt − Vi > 2Vt − Vt = Vt ⇒ Q2 is not cut-off

Vi > VA − Vt ⇒ Q2 is cut-off

⇒ VGS1 = Vi > VA − Vt > 2Vt − Vt = Vt ⇒ Q1 is not cut-off

Hence
Vi < Vt ⇒

Q1 is cut-off
⇒ Vo = VA
Q2 is not cut-off

Vi > VA − Vt ⇒

Q1 is not cut-off
⇒ Vo = 0
Q2 is cut-off

If Vt < Vi < VA − Vt then both MOSFETs operate in the ohmic or active region
and the exact calculation of the output voltage will be detailed later.
Typical values are Vt = 1 V and VA = 5 V and as such the range of values
of Vi over which the output goes from VA to 0 has a width of about 3 V. In the
special case where VA = 2Vt the transition is very sharp.
Characteristics of the CMOS family:
• The input current is almost 0 (IG ≈ 0).
• The power dissipation is very small since in general there is always one of
the two transistors in cut-off.
More complex gates can easily be designed. In the following
input denoted as 0 means voltage < Vt
input denoted as 1 means voltage > VA − Vt
output denoted as 0 means voltage ≈ 0
output denoted as 1 means voltage ≈ VA

A NAND gate is made by connecting four MOSFETs as shown in figure 5.11.
v1 , v2 are the inputs and vout is the output of the circuit. The truth table can
easily be obtained by first noticing that
v1 = 1
v2 = 1

⇔
⇔

Q1 ≡ on and Q3 ≡ off
Q2 ≡ on and Q4 ≡ off

There is consequently always a path from VA to vout unless v1 , v2 are both high.
The truth table is then

v1 v2 vout 


0 0
1 

NAND: vout = v1 · v2
0 1
1

1 0
1 



1 1
0
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Figure 5.11:

Figure 5.12:
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Figure 5.13:

Similarly, one easily verifies that the circuit of figure 5.12 is a logic NOR gate.
Indeed we have
v1 = 1
v2 = 1

⇔

⇔

Q1 ≡ off and Q3 ≡ on

Q2 ≡ off and Q4 ≡ on

and this immediately leads to the truth table of a digital NOR gate.
Definition 5.2.1. In some specific applications, a gate connected on a bidirectional bus for example, it may be required to make the gate’s output float
at some instants and the gate is not operational then as if it had been removed
from the circuit. This output state is called tri-state.
An additional input is required to control the tri-state output and a tristate gate may easily be accomplished in the CMOS family by turning off both
transistor at the output of the gate. This is illustrated for a tri-state buffer
shown in figure 5.13. We notice that
T ri − state = 0 ⇒

VG1 = 1
VG2 = 0

⇒
⇒

Q1 is cut-off
Q2 is cut-off

Vo is then undetermined; the behaviour is as though the gate’s output had been
disconnected from the circuit. On the other hand we also have
T ri − state = 1 ⇒ VG1 = Vi and VG2 = Vi
It follows that (still with T ri − state = 1):
Vi = 0 ⇒
Vi = 1 ⇒

Q1 ≡ off, Q2 ≡ on ⇒ Vo = 0
Q1 ≡ on, Q2 ≡ off ⇒ Vo = 1
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Figure 5.14:

The truth-table of the circuit is then:
T ri − state
0
0
1
1

vi
0
1
0
1

vo
X
X
0
1

where an output X denotes a floating (or high impedance) output. The circuit
contains 12 transistors.

5.3

Voltage Transfer
CMOS Inverter

Characteristic

of

the

Consider the circuit of figure 5.14. In the following we derive the input–output
transfer characteristic Vo versus Vi . We recall the equations describing the
behaviour of each transistor:
• For Q1 :

0




 K1 (VGS1 − Vt1 )2
ID1 =


2

K1 2(VGS1 − Vt1 )VDS1 − VDS1




• For Q2 :

0




 K2 (VSG2 + Vt2 )2
ID2 =


2

K2 2(VSG2 + Vt2 )VSD2 − VSD2




;
;
;

;
;
;

if VGS1 < Vt1
if VGS1 > Vt1
and VDS1 > VGS1 − Vt1
if VGS1 > Vt1
and VDS1 < VGS1 − Vt1
if VSG2 < −Vt2
if VSG2 > −Vt2
and VSD2 > VSG2 + Vt2
if VSG2 > −Vt2
and VSD2 < VSG2 + Vt2

144

CHAPTER 5. DIGITAL (LOGIC) CIRCUITS

Figure 5.15:

From the circuit of figure 5.14 we immediately obtain:
VSG2 = VA − Vi
VSD2 = VA − Vo

VGS1 = Vi
VDS1 = Vo
ID = ID1 = ID2

Substituting into the MOSFET equations and inequalities we obtain (we also
assume that the N -channel and P -channel MOSFETs are matched, i.e. K1 =
K2 = K and Vt1 = −Vt2 = Vt ):
• For Q1 :

ID =


0




 K(Vi − Vt )2




K 2(Vi − Vt )Vo − Vo2




;
;
;

if Vi < Vt
if Vi > Vt
and Vo > Vi − Vt
if Vi > Vt
and Vo < Vi − Vt

• For Q2 :

0




 K(VA − Vi − Vt )2
ID =



K 2(VA − Vi − Vt )(VA − Vo ) − (VA − Vo )2




The formulas for Q2 simplify to

0




 K(VA − Vi − Vt )2
ID =



 K (VA − Vo )(VA − 2Vi − 2Vt + Vo )



;
;
;

;
;
;

(∗1)
(∗2)
(∗3)

if VA − Vi < Vt
if VA − Vi > Vt
and VA − Vo > VA − Vi − Vt
if VA − Vi > Vt
and VA − Vo < VA − Vi − Vt

if Vi > VA − Vt
if Vi < VA − Vt
and Vi > Vo − Vt
if Vi < VA − Vt
and Vi < Vo − Vt

(∗4)
(∗5)
(∗6)

By equating any of formulas (∗1), (∗2), (∗3) for Q1 with (∗4), (∗5), (∗6) we
obtain a set of 9 equations and inequalities relating Vo to Vi . We proceed to
analyze each of the 9 equations when VA > 2Vt (figure 5.15):
• (∗1) with (∗4) requires that Vi < Vt and Vi > VA − Vt which is clearly
impossible.
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• (∗3) with (∗6) requires that Vo − Vi < −Vt and Vo − Vi > Vt which is also
clearly impossible.
• (∗1) with (∗5) requires that Vi < Vt and Vo < Vi + Vt . The equation is
then
0 = K(VA − Vi − Vt )2 ⇒ Vi = VA − Vt
and this contradicts the requirement Vi < Vt ; this case is again impossible.
• (∗2) with (∗4) leads to a contradiction in the same way as (∗1) with (∗5).
• (∗3) with (∗4) requires that Vi > VA − Vt . The equation is:

0 = K 2(Vi − Vt )Vo − Vo2

= KVo 2(Vi − Vt ) − Vo
and the solutions are Vo1 = 0 and Vo2 = 2(Vi − Vt ).

In addition to the requirement Vi > VA − Vt , (∗3) also has the inequality
Vi > Vo + Vt . With solution Vo1 we have:
Vi > Vo1 + Vt = Vt and Vi > VA − Vt
{z
}
|
Vi >VA −Vt

With solution Vo2 we have:

Vi > Vo2 + Vt = 2Vi − 2Vt + Vt ⇔ Vi < Vt and
Vi > VA − Vt
This is clearly impossible and Vo1 is the only possible solution. Therefore
(∗3) with (∗4) gives Vo = 0 when Vi > VA − Vt .
• (∗1) with (∗6) requires that Vi < Vt . The equation is:
0 = K(VA − Vo )(VA − 2Vi − 2Vt + Vo )
and the solutions are Vo1 = VA and Vo2 = −VA + 2Vi + 2Vt .

In addition to the requirement Vi < Vt , (∗6) also has the inequality Vi <
Vo − Vt . With solution Vo1 we have:
Vi < Vo1 − Vt = VA − Vt and Vi < Vt
{z
}
|
Vi <Vt

With solution Vo2 we have

Vi < Vo2 − Vt = −VA + 2Vi + Vt ⇔ Vi > VA − Vt and

Vi < Vt

This is clearly impossible and Vo1 is the only possible solution. Therefore
(∗1) with (∗6) gives Vo = VA when Vi < Vt .
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• (∗2) with (∗5) requires that Vt < Vi < VA − Vt . The equation is
(Vi − Vt )2 = (VA − Vi − Vt )2
Which can be rearranged as
0 = (Vi − Vt )2 − (VA − Vi − Vt )2

= Vi − Vt − (VA − Vi − Vt ) (Vi − Vt + VA − Vi − Vt )
= (2Vi − VA ) (VA − 2Vt )
| {z }
>0⇒6=0

and the (only) solution is Vi = VA /2.
In addition to the requirement Vt < Vi < VA − Vt , (∗2) and (∗5) also
require Vi < Vo + Vt and Vi > Vo − Vt , or equivalently
VA /2 − Vt < Vo < VA /2 + Vt
Therefore (∗2) with (∗5) gives a segment of line Vi = VA /2 for VA /2−Vt <
Vo < VA /2 + Vt .
• (∗3) with (∗5) requires that Vt < Vi < VA − Vt . The equation is
2(Vi − Vt )Vo − Vo2 = (VA − Vi − Vt )2
and the solutions of the quadratic equation1 are:
p
Vo = (Vi − Vt ) ± (2Vi − VA )(VA − 2Vt )

(5.1)

In order for the solutions of (5.1) to be real, the term inside the square
root must be positive. Given that VA −2Vt > 0 we must have 2Vi −VA > 0,
or in other words Vi > VA /2. This implies that the range of Vi for (∗3)
with (∗5) is reduced to
VA /2 < Vi < VA − Vt
The terms of (5.1) are sketched on figure 5.16. In addition to the requirement VA /2 < Vi < VA − Vt , (∗3) with (∗5) also requires Vo < Vi − Vt ; this
corresponds to the “-”sign in (5.1):
Vo = (Vi − Vt ) −

p

(2Vi − VA )(VA − 2Vt )

Therefore (∗3) with (∗5) gives the segment of parabola between A and
B in figure 5.16 when VA /2 < Vi < VA − Vt .
1 using −b±

√

b2 −4ac
2a
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Figure 5.16:
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Figure 5.17:

• (∗2) with (∗6) requires that Vt < Vi < VA − Vt . The equation is
K(Vi − Vt )2 = K(VA − Vo )(VA − 2Vi − 2Vt + Vo )
and the solutions of the quadratic equation2 are:
p
Vo = Vt + Vi ± (VA − 2Vi )(VA − 2Vt )

(5.2)

In order for the solutions of (5.2) to be real, the term inside the square
root must be positive. Given that VA −2Vt > 0 we must have VA −2Vi > 0,
or in other words Vi < VA /2. The last inequality implies that the range
of Vi for (∗2) with (∗6) is reduced to
Vt < Vi < VA /2
The terms of (5.2) may be sketched similarly to those of (5.1) on figure
5.16.
In addition to the requirement Vt < Vi < VA /2, (∗2) with (∗6) also requires
Vo > Vi + Vt ; this corresponds to the “+”sign in (5.2):
p
Vo = Vt + Vi + (VA − 2Vi )(VA − 2Vt )

Therefore (∗2) with (∗6) gives the segment of parabola between A and
B in figure 5.17 when Vt < Vi < VA /2.

The above nine cases (only five of which are possible) give the description of
figure 5.18 for the transfer characteristic of the CMOS inverter when VA > 2Vt .

2 using −b±

√

b2 −4ac
2a
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Figure 5.18:
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5.4

Noise Margin of the CMOS Inverter

Definition 5.4.1. The noise margin represents the amount of noise that is admissible at the output of a logic gate without affecting the logic gates connected
at its output. It is also referred to as noise immunity. It is measured for each
of the two output states (logical 0 (low) and logical 1 (high)). We then have:
output ≡ 0

output ≡ 1

:
:

N ML = ViL − VoL

N MH = VoH − ViH

where the symbols N ML , N MH are illustrated in figure 5.19 for the cascade of
two inverter gates. ViL , ViH , VoL , VoH are shown in figure 5.20 on the transfer
characteristic of the CMOS inverter.
ViH maybe found from the transfer characteristic
p
Vo = (Vi − Vt ) − (2Vi − VA )(VA − 2Vt )

We easily obtain:

2(VA − 2Vt )
1
dVo
=1− p
dVi
2 (2Vi − VA )(VA − 2Vt )

Given that the derivative is −1 at Vi = ViH we have:
r
VA − 2Vt
VA − 2Vt
= −1 ⇔ 4 =
1−
2ViH − VA
2ViH − VA
VA − 2Vt
⇔ 2ViH − VA =
4
t
VA + VA −2V
4
⇔ ViH =
2
5VA − 2Vt
⇔ ViH =
8
Vt
5VA
−
⇔ ViH =
8
4
The corresponding value of Vo is:
5VA
Vt
Vo =
−
− Vt −
8
4
=

VA − 2Vt
= VoL
8

s


Vt
5VA
−
− VA (VA − 2Vt )
4
2

ViL may similarly be obtained from
p
Vo = Vt + Vi + (VA − 2Vi )(VA − 2Vt )
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Figure 5.20:
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and setting the derivative to −1 we obtain:
Vt
3VA
+
8
4
7VA + 2Vt
=
8

ViL =
VoH
It follows that

N MH = VoH − ViH
5VA
Vt
VA
Vt
7VA + 2Vt
−
+
=
+
=
8
8
4
4
2
N ML = ViL − VoL
3VA
Vt  VA − 2Vt  VA
Vt
=
=
+
−
+
8
4
8
4
2
If Vt = 20% VA (such as with VA = 5 V and Vt = 1 V) we obtain N MH =
N ML = 0.35 VA . The two noise margins N MH , N ML are equal because we
assume that MOSFETs Q1 and Q2 are perfectly matched (K1 = K2 = K and
Vt1 = −Vt2 = Vt ).

5.5

Propagation delays

Consider the following circuit:

in which capacitor C models the capacitive input impedance of logic gates connected at the output of the inverter. As in the previous section, we assume that
Q1 and Q2 are matched, i.e. K1 = K2 = K and Vt1 = −Vt2 = Vt . It follows
that the propagation delays tpHL and tpLH are equal. In the following we obtain
an expression for tpHL :
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Figure 5.21:


The trajectory of the point Vi (t), Vo (t) is shown on the voltage transfer characteristic of figure 5.21. Because Q2 is cut-off, the circuit maybe redrawn as:

with initial condition Vo (0+ ) = Vo (0− ) = VA . As shown in figure 5.21, Q1 is in
the active region at time t = 0+ because
VGS1 = Vi = VA > Vt and
VDS1 = Vo = VA > VGS1 − Vt = VA − Vt
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Figure 5.22:

As Vo (t) decreases, there is a time instant tp at which
Vo (tp ) = VA − Vt
and Q1 becomes biased in the ohmic region, and remains in the ohmic region
until time tpHL (and as long as Vo (t) < VA − Vt ). As shown in figure 5.22, the
calculation of tpHL is divided into two time intervals.
(1) From t = 0+ to t = tp , Q1 is active and
ID (t) = K Vi (t) − Vt
= K(VA − Vt )2

2

Then
Z
−1
Vo (t) =
ID (t)dt
C
Z
−1
K(VA − Vt )2 dt
=
C
−K(VA − Vt )2
t + constant
=
C
The constant is evaluated with the initial condition Vo (0+ ) = VA :
Vo (0+ ) =



−K(VA − Vt )2
t + constant
C
{z
|
constant

and we obtain

Vo (t) = VA −

K(VA − Vt )2
t
C



= VA
t=0

}
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(straight line segment) when 0 < t < tp . tp is found by solving Vo (tp ) =
VA − Vt :
VA −

C Vt
K(VA − Vt )2
tp = V A − V t ⇒ tp =
C
K(VA − Vt )2

(2) From t = tp to t = tpHL , Q1 is in the ohmic region:



ID (t) = K 2 Vi (t) − Vt Vo (t) − Vo2 (t)

= K 2(VA − Vt )Vo (t) − Vo2 (t)
Combining with ID (t) = −C

dVo (t)
dt ,

we obtain


−K
dVo (t)
=
2(VA − Vt )Vo (t) − Vo2 (t)
dt
C

This differential equation is solved as follows:

CdVo (t)
 = dt
K Vo2 (t) − 2(VA − Vt )Vo (t)
Z
Z
dVo (t)
C
= dt
K
Vo2 (t) − 2(VA − Vt )Vo (t)
The left hand side of the equality is of the form
√
Z
2ax + b − b2 − 4ac
1
1
√
√
+ constant
ln
dx
=
ax2 + bx + c
b2 − 4ac
2ax + b + b2 − 4ac
when b2 − 4ac > 0 with


a=1

2
b = −2(VA − Vt )
⇒ b2 − 4ac = − 2(VA − Vt ) − 0 > 0

c=0

We obtain

C
2Vo (t) − 4(VA − Vt )
ln
+ constant = t
2K(VA − Vt )
2Vo (t)
The constant is evaluated with the initial condition Vo (tp ) = VA − Vt , recalling that:
CVt
tp =
K(VA − Vt )2
We obtain:

C

ln
2K(VA − Vt )
|

VA − Vt − 2(VA − Vt )
CVt
+constant =
VA − Vt
K(VA − Vt )2
{z
}
ln |−1|=0
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from which
constant =
We finally have for tp < t < tpHL :
C
2K(VA − Vt )

ln

CVt
K(VA − Vt )2

CVt
Vo (t) − 2(VA − Vt )
=t
+
Vo (t)
K(VA − Vt )2

(5.3)

and we would obtain (don’t need)
Vo (t) =
where tp =

1 + exp

2(VA − Vt )
2K
C (VA − Vt )(t

CVt
K(VA −Vt )2 .

− tp )



tpHL is found by solving Vo (tpHL ) = VA /2 in equation (5.3):
C
CVt
VA /2 − 2(VA − Vt )
ln
+
2K(VA − Vt )
VA /2
K(VA − Vt )2


4Vt − 3VA
Vt
C
1
= tpLH (by symmetry)
=
+ ln
K(VA − Vt ) VA − Vt
2
VA

tpHL =

In many practical situations Vt ≈ 0.2 VA . The above formula becomes:
tpHL = tpLH ≈

0.8 C
K VA

The propagation delays are proportional to the load capacitance C as might
have been expected. This means that the connection of a large number of
gates at the output of a CMOS gate will increase its propagation delays. The
propagation delays can be made smaller by increasing the supply voltage VA .
This however increases the power dissipation PD of the gate. Indeed, when the
output of a gate connected on a capacitive load C switches states at a frequency
f , the power dissipated by the gate satisfies
PD = f C VA2
A larger VA improves the noise margin and the propagation delays, but increases
the power dissipation.

5.6

Problems

1. Sketch the input-output characteristic of an RTL inverter for which

and calculate its fan-out.

β

=

100

VA
RB

=
=

3V
450 Ω

RC

=

640 Ω
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Figure 5.23:

2. Sketch the schematics of a two-input CMOS AND gate using 6 MOSFETs.
List the state of the MOSFETs for each of the four possible logic inputs.
3. Sketch the schematics of a three-input CMOS NAND gate.
4. What operation does the circuit of figure 5.23 perform? Notice that the
circuit is not CMOS even though it consists entirely of MOSFETs.

