Name: College Number:

EE501: An Introduction to the Theory of Statistical Communications

Thursday, 20 November 2014

Fourth Quiz

REMARKS: . Hand held calculator is allowed,
. Open book quiz, # 1

1
2
3. Formula sheets are attached,
4

. Marks distribution: # 2
Question #1: 1 points
Question #2: 2 points # 3
Question #3: 3 points
Question #4: 4 points H# 4

5. Justify all your answers.

1. Let z(t), y(t) denote two zero-mean stationary Gaussian processes with auto-
correlation functions

Ry(T) = BHe ATl
10
AT =

(a) Calculate the average D.C. power, average A.C. power and average (total) power
of each process.

13

(b) Is z(t) ergodic? Answer could be “yes”, “no”, “dunno”. Justify your answer.

13

(c) Is y(t) ergodic? Answer could be “yes”, “no”, “dunno”. Justify your answer.

Hint: The following may be useful:

/e“du = "

1
=1 1
/u+1du n(u+ 1)
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2. Consider two zero-mean jointly Gaussian noise processes, n;(t) and ny(t) such that:

Fi(r) 2 ni(t)ni(t—T):Sir;T:T; i=12,

(a) Calculate the average (total) power of n(t) and of ny(t).
(b) Calculate the mean vector and the covariance matrix of the random vector & =

(m (0), nl(l), HQ(O)) .

Recall: lim 3277 — 1.
T—0 TT

3. Let n,(t) be a white Gaussian noise with power spectral density and autocorrelation
function respectively given by:

Su(f) = S
@) = 20s(r)

Two random variables y;, yo are defined as follows:

Y1 = /_OO ha(t)n, (t)dt

[e.9]

Y2 = /_OO ho(t)n., (t)dt

where hy(t), ho(t) are two signals satisfying:

/ hi(t)*dt < oo

o0

/OO ho(t)?dt < oo
/oo h(Ohs(B)dt = 0

Show that y, yo are statistically independent.
Hint: You may interchange expectations and integrals.
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4. Let n,(t) be a 0-mean stationary white Gaussian process with power spectral density
Sn (f) =12, Vf and autocorrelation function %, (1) = 120(7). We define the random
process

n(t) = nysi(t) + nesa(t)

where ny, ny are the random variables given by:

ny = /_OO Ny (t)s1(t)dt

[e.e]

ng = /_OO N (t)$2(2)dt

o0
and

1/2 ; 0<t<1

0 ; elsewhere

{t S 0<t<l1

0 ; elsewhere

as sketched in figure 1.

(a) Calculate the mean vector m,, and covariance matrix A,, of the random vector
n = (n1,ny).
Hint: You may interchange expectations and integrals.

(b) Calculate the mean function m,(t) and the autocorrelation function %, (t,s) of
n(t) and show that:

mp(t) = 0

(34+6(s+1t)+16st)/4 ; 0<t,s<1
Ry (t,s) =

0 ; elsewhere

Is the process n(t) wide sense stationary? Justify your answer.

(c) Calculate the probability that the random process n(t) be larger than 1 at ¢ = 1/2,
ie. P(n(1/2) > 1).
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Formula Sheets

cos f = sin(6 4 90°) 2 cosucosv = cos(u — v) + cos(u + v)
2sinusinv = cos(u — v) — cos(u + v) 2sinwu cosv = sin(u — v) + sin(u + v)
2sin 6 cos § = sin(26) 2cos? 6 = 1 + cos(20)
2sin?f = 1 — cos(20) cosf = M
sinf = <5< P(AB) = P(A|B)P(B) = P(B|A)P(A)
(v) = wosm pa(ar) = 4210
Fy(a)=P({z <a}) = [ p.(u)du Pla<z<b) = f;px(a)da
Q(a) = BN e 7124
V2 Ja
— L —(a=pm)?/(20%)
pza) = V2na2 C g = 1 [1 —erf <i)}
2 V2
~1-Q(-a)
erf(a) = /
NG P(z>a)=Q (%)
= 1-20( \/_a)
Pla<r<h)=Q () - Q (2 Ple <0) = QY
WO — ZLeot2 Pa(@) = [, puy(v, B)d

=br+a=py(a) = I_llv\px(%)

> Bl s S A0and

poioy(B) = 1y(8) = €s(8) gda) #0,VaeSB)={aeR : B=g(a)}
0 ; if S(y) =10

pf(:c)(ﬁ) = py(ﬁ) = pm(Q(ﬁ))Ug(ﬁ” Py =v) = pr|y(Oé, v) = pg;z((o;,)u)

x,y are independent < p,,(c, 8) = ps(a)p,(B)



Formula Sheets (continued)

Fourier Transform Properties

Operation g(t) G(f)

Addition a1(t) + g2(t) G1(f) + Ga(f)
Multiplication by a constant ag(t) aG(f)

Symmetry G(t) 9(—f)

Scaling g(at) ﬁG(f)

Time shifting g(t —tg) e 12mfG(f)
Frequency Shifting eI2mfot g (t) G(f — fo)
Modulation 2¢(t) cos(2m f.t) G(f = fo) +G(f + fe)
Time Differentiation dzfj,i” (727 f)*G(f)
Frequency Differentiation (—727t)"g(t) dnﬁgf)

Complex Conjugate g*(t) G*(—f)

Time Domain Convolution g1(t) * g2(t) G1(f)Ga(f)

Time Domain Multiplication g1(t)g2(t) G1(f) * Ga(f)
Parseval Theorem I g1 (t)gs (t)dt J2o GG ()df
Time Domain Integration fjoo g(z)dx JGQ(T{} + @5(]‘)




Formula Sheets (continued)

Table of Q( ) and erf( ) functions

The approximation Q(r) & ——(1 — %)e“’fg/2 may be used when z > 2.

T erf(x) Q(z) ‘ x erf(x) Q(z) ‘ x  erf(z) Q(z)
0.00 0 0.5 1.70 0.9838 0.04457 | 3.40 1 0.0003369
0.10 0.1125 0.4602 | 1.80 0.9891  0.03593 | 3.50 1 0.0002326
0.20 0.2227 0.4207 | 1.90 0.9928  0.02872 | 3.60 1 0.0001591
0.30 0.3286 0.3821 | 2.00 0.9953  0.02275 | 3.70 1 0.0001078
0.40 0.4284 0.3446 | 2.10 0.997 0.01786 | 3.80 1 7.235 x 107°
0.50 0.5205 0.3085 | 2.20 0.9981 0.0139 3.90 1 4.810 x 107°
0.60 0.6039 0.2743 | 2.30 0.9989  0.01072 | 4.00 1 3.167 x 107°
0.70 0.6778 0.242 | 2.40 0.9993 0.008198 | 4.10 1 2.066 x 107°
0.80 0.7421 0.2119 | 2.50 0.9996 0.00621 | 4.20 1 1.335 x 107°
0.90 0.7969 0.1841 | 2.60 0.9998 0.004661 | 4.30 1 8.540 x 1076
1.00 0.8427 0.1587 | 2.70 0.9999 0.003467 | 4.40 1 5.413 x 1076
1.10 0.8802 0.1357 | 2.80 0.9999 0.002555 | 4.50 1 3.398 x 1076
1.20 0.9103 0.1151 | 2.90 1 0.001866 | 4.60 1 2.112 x 1076
1.30 0.934 0.0968 | 3.00 1 0.00135 | 4.70 1 1.301 x 107
1.40 0.9523 0.08076 | 3.10 1 0.0009676 | 4.80 1 7.933 x 1077
1.50 0.9661 0.06681 | 3.20 1 0.0006871 | 4.90 1 4.792 x 1077
1.60 0.9763 0.0548 | 3.30 1 0.0004834 | 5.00 1 2.867 x 1077




